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sum of two exponential decays, and find two characteristic timescales τres = 58 ps and τ2 = 400 ps. The first one
corresponds to the instrumental time-resolution, which is
fixed by the (sharp) spectral resolution of the detection.
It thus reflects a dynamics τ1 much faster than τres , that
can be unambiguously attributed to the polariton state
decay. τ2 is too slow to be photon or polariton related,
and corresponds to the typical timescale of long-lived excitons.
In order to have a clear understanding of these two
timescales, we simulate the population dynamics of the
coupled polariton/reservoir system by simplifying the
scalar model of eq.(3) and eq.(4) into two coupled rate
equations, in which we neglect the stimulation term in the
back conversion mechanism considering the weak amplitude of the pump (i.e. the pump rate is much lower that
the total loss rate):

Supplementary Figure 1. Time-resolved excitations PL
- a) Angle and energy resolved excitation photoluminescence
obtained under weak picosecond-pulse excitation. The yellow
rectangle show a cross-section at 7◦ which is sent onto the
streak camera. The resulting time-resolved trace is shown
in b) in a time energy color plot, and the relevant crosssection I(t), integrated in energy over the polariton emission linewidth (red rectangle) is shown in c) along with a
fit (red line) consisting of a sum of two exponential decays
with characteristic times τ1 = 58 ps (instrument-limited) and
τ2 = 400 ps.

SUPPLEMENTARY NOTE 1. DECAY TIME OF
RESONANTLY EXCITED POLARITONS:
EVIDENCE FOR COUPLING WITH A
LONG-LIVED RESERVOIR

In order to get an independent indication that under resonant optical drive of polaritons, a reservoir of
long-lived excitons is also excited in the microcavity, we
performed a time-resolved photoluminescence decay measurement. The excitation strategy is similar to that used
to measure the free particle dispersion relation: quasiresonant laser excitation, red detuned central frequency
with respect to the polariton ground state, weak peak
intensity in order to minimize nonlinear dynamics, and
small angular spread. The laser consists in picosecond
pulses of 0.5 meV linewidth (FWHM). We checked that
the laser high-energy tail has a negligible overlap with the
upper polariton branch. Supplementary Figure 1.a shows
the thus obtained time-integrated excitation photoluminescence (EPL) pattern Ie (θ, ω). We select a polariton
state at an angle of 7◦ , where contribution from the laser
light is negligible (yellow rectangle in the figure) and send
it into the streak-camera. The corresponding raw timeresolved trace is shown in Supplementary Figure 1.b and
analyzed in Supplementary Figure 1.c. We fit it with a

∂t np = −(γc + γin )np + γbk nR
nr
∂t nR = γin np − (γR
+ γbk )nR ,

(1)
(2)

where np is the condensate population, nR the long-lived
nr
is the non-radiative deexcitons reservoir population, γR
cay rate of reservoir excitons, γin is the conversion rate
from polaritons to reservoir excitons, γbk = γin ρpol /ρR
is the reverse rate from reservoir excitons to polaritons,
ρpol and ρR are the densities of states of polariton and
nr
+ γbk , and the other paramreservoir states, γR = γR
eters are consistent with those used in the main text,
and with the illustration in Fig.1.a and Fig.1.b. Note
that the stimulated scattering terms proportional to the
product np nR that stem from the bosonic enhancement
factors in the quantum kinetic equations cancel out and
eventually disappear from the final form of Eqs. (1-2).
Note that the γbk nR term in the equation for the polariton population (1) refers to the incoherent polariton
population corresponding to the excitations. If needed, it
could be included in the equation for the field ψ (Eq.(3)
of the main text) as stochastic terms. The general solutions of this set of differential equations are of the form
A exp(−Γ1 t) + B exp(−Γ2 t), where
2Γ1,2 = γc ±
q
nr )(γ + γ )]. (3)
γc2 + 4 [γbk γin − (γbk + γR
c
in
Since the radiative decay of polaritons is the fastest
timescale, the two Γ1,2 can be simplified into
Γ1 = γc
nr
Γ2 = γR
+ γbk = γR .

(4)
(5)

The slow decay time component can therefore be clearly
attributed to the presence of long-lived excitons from the
reservoir.
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Lorentzian peak. from this fit, and the numerical agreement with the Lorentzian shape, we get the central frequency ωi /2π of the peak as well as its 95%-confidence
interval. The linewidth ∆ωi and its 95%-confidence interval are obtained as well from this procedure. The results
for WPA and WPB are shown in the main text in Figs.3,
where the line thickness of the experimental plots shows
the 95% confidence interval.
Such an analysis is illustrated in Supplementary
Figure 2 for the data from the working point WPA.3
defined in the main text. Supplementary Figure 2.a
show the raw measurement of Ie (θ, ω) in color log scale.
Six spectra extracted from six different angles (θ1 to
θ6 ) are shown in Supplementary Figure 2.b in red.
The filter rejecting the laser is shown as the interval
between the blue dash-dotted lines. The Lorentzian fit is
shown as a solid black line for each spectra. The quantitative results of this fit are summarized in the table below
i θi [Deg]
1 -0.2◦
2
4.7◦
3
8.0◦
4 11.3◦
5 14.6◦
6 18.8◦

Supplementary Figure 2.
Experimental derivation of the dispersion relation - a) Raw measurement of log10 [Ie (θ, ~ω)] of WPA point ’3’ (color
scale).
b) spectra extracted from a) at angles
θi = −0.2◦ , 4.7◦ , 8.0◦ , 11.3◦ , 14.6◦ , 18.8◦ (red symbols),
and Lorentzian fits (solid black line). The dash-dotted blue
lines show the laser rejection interval.

SUPPLEMENTARY NOTE 2. DETERMINATION
OF THE DISPERSION RELATION AND ITS
CONFIDENCE INTERVAL FROM THE
MEASUREMENTS

We extract the experimental dispersion relations from
the measured Ie (θ, ω). A careful control of the uncertainty is a critical point in this work, as the change of
shape of the dispersion relation due to the interactions
is a small effect, i.e. typically much smaller than the
linewidth. We thus have to make sure that the dispersion shape extracted from the measurement is not the
result of some noise source or of scattered laser light. We
thus carry out the following analysis :
As explained in the Methods section, for each column
of CCD pixels i (that contains the spectrum at a given
(i)
wavevector kk ), the EPL emission peak is fitted with a

R2
1.31%
0.07%
0.09%
0.10%
0.11%
0.22%

~ω0 [meV] ~∆ω0 [meV]
1606.027
0.011
1606.246
0.003
1606.555
0.004
1607.012
0.005
1607.591
0.007
1608.402
0.012

i ~γ [meV] ~∆γ [meV]
1
0.466
0.014
2
0.573
0.004
3
0.748
0.007
4
0.974
0.009
5
1.274
0.012
6
1.676
0.025
The uncertainties ~∆ω0 and ~∆γ are the 95% confidence
interval (sometime referred to as the 2σ confidence
interval) of ~ω0 , the central energy of the peak, and ~γ
its full-width at half-maximum, as obtained from the
fitting algorithm.

SUPPLEMENTARY NOTE 3. EXCITATION
MECHANISMS OF THE CONDENSATE BY
THERMAL PHONONS

In this section, we present in details the arguments
that support the fact that thermal phonons are the likeliest origin of spontaneously created excitations on top
of the condensate observed in this work. We have shown
in another work, involving microcavities made up of another materials, and at higher temperatures, that there
are several possible mechanisms that can create such excitations [2]:
1. Auger scattering of two polaritons from the condensate: the recombination of a polariton excites a
hot electron-hole pair, that relax into the long-lived
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small: it amounts to exp(−~ωLO /kB T ) ' 1 × 10−6 ,
where ~ωLO = 36.5 meV is the longitudinal optical
phonon energy in GaAs.
3. Inelastic scattering by thermal acoustic phonons:
Such a mechanism allows out-scattering of polaritons towards any state within the frequency window [0, ωLO ]. Considering the frequency dependence of this thermal population, scattering towards states of low frequency with respect to the
condensate are largely favoured. These states are
(i) excitations of the polariton condensate, and (ii)
localized states of excitons caused by imperfections
in the quantum well, that can lie several meV below
the free exciton energy, i.e. close or at resonance
with the polariton condensate. These imperfections
typically consist in thickness and/or alloy fluctuations [3, 4].

Supplementary Figure 3. Linearity of the transfer mechanism and polaritonic population distribution - a)
Blueshift-corrected polariton excitation density versus cavitycoupled laser intensity. b) Angle-integrated spectra of polaritons photoluminescence under resonant (blue) and nonresonant laser excitation (red). c) Polariton occupancy n
(within a constant factor) versus energy in the free particle
regime (blue). Calculated Maxwell-Boltzmann distribution at
T = 30 K (solid magenta), T = 33 K and T = 27 K (dashed
magenta).

reservoir of free excitons (at ω ≥ ωX , and momentum beyond the light cone), and end up exciting
fluctuation on top of the condensate. We see that
this case involves a reservoir of free excitons that
can interact with the polariton condensate as described in our work.
2. Inelastic scattering by thermal optical phonons:
This mechanism takes a polariton from the condensate and create a free exciton in the reservoir
described above. This inelastic scattering is possible in any microcavity as long as the polariton
condensate energy is separated from the large momentum excitons reservoir by less than the energy
of an optical phonons. This condition is largely met
in GaAs-based microcavity. Note however that at
T=30K, the temperature of our experiment, the
occupancy of the optical phonons population is very

In scenario (1), we expect that the relation between
the excitation power entering the cavity Iin and the polariton condensate population I0 is sublinear. We thus
checked this possibility by exciting polaritons resonantly
in the redshifted configuration, i.e. ∆ = ~ωl − ~ω 0 =
−0.48 meV , and by measuring the angle-integrated EPL
intensity versus the excitation power. What matters is
the relation between the laser intensity effectively entering the cavity spacer Ie , that depends both on the outside
excitation power Iout and on the blueshifting polariton
mode ELP (Iout ). This relation can be accurately modeled
in the weak to moderate excitation power by assuming a
lorentzian lineshape of fixed linewidth for the polariton
mode, such that
h
i−1
2
Iin ∝ (Elas − ELP (Iout )) + (~γc )2
,

(6)

where both ELP (Iout ) and ~γc are direct experimental
observables. Assuming that the angle-integrated EPL
intensity is proportional to the condensate density, we
can thus measure the relation between I0 and Iin . The
result is shown in Supplementary Figure 3.a: it turns out
that over 1.5 orders of magnitude, this relation is linear
(or slightly superlinear), with a fitted exponent of 1.07 ±
0.03. Note however that this particular argument should
be taken with caution, it is based on the assumption that
the magnitude of the birefringence that couples the coand cross-polarized condensate does not depend on the
nonlinearity, which might not necessarily be true.
Another, and perhaps even stronger argument which
is inconsistent with scenario (1), as well as with scenario
(2) is the following: both scenarios involve an intermediate reservoir of long-lived free excitons beyond the light
cone. In these scenario, this reservoir relaxes into condensate excitations by two-body scattering or by emission of phonons. A way to check this possibility is to
compare the condensate excitation spectrum IR (~ω) obtained under resonant excitation, with the one measured
under non-resonant excitation, when the laser is tuned
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Supplementary Figure 4. Excitation dispersion relation of Working point C - Angle and energy resolved cross-polarized
EPL measurements Ie (θp , ~ω) in the free particle regime (a), and in the upper branch of I0 (P ) (b). The intensity is colorcoded on a linear scale. The laser energy and angular spread is shown as a red segment. (c) Measured dispersion relations
~ω(θ) as obtained from the numerical analysis (solid colored lines). The line thickness show the 95%-confidence interval of
the experimentally determined dispersion relations. Four states of the fluids are shown labelled from 0 to 3: the free particle
dispersion (’0’), a lower branch state of I0 (P ) (’1’), and two upper branch states (’2’ and ’3’). Panel (c) show the dispersions
relations measured on absolute energy scale, while (e-g) show the dispersion relations ’3’ to ’1’ respectively measured from the
condensate energy. The hatched rectangle in (a-c) show the spectral range rejected by the notch filter. (d) Measured excitation
linewidth versus angle of states ’0’ to ’3’. Panels (e-g) include two calculated limiting cases: the vanishing condensate fraction
regime (black dashed line), and the regime of vanishing reservoir fraction (blue dashed line).

far above (100 meV) the free excitons states. In the latter case, the relaxation mechanism involves the same intermediate reservoir as in scenario (1) and (2) such that
the thus obtained excitation spectrum INR (~ω) should be
similar in shape to Ie (~ω). The comparison is shown in
Supplementary Figure 3.b at the same working point and
temperature T = 20 K: It turns out that these spectra
are quite different, the one obtained under non-resonant
excitation being significantly ’hotter’.
Scenario (3) is the most likely one in our experiment.
We can support it further by checking that the condensate fluctuations are indeed excited by the thermal bath
of acoustic phonons by measuring the polariton state occupancy n(~ω) in the free particle regime (vanishing two
body interactions), and compare it with a thermal distribution. n(~ω) can be determined experimentally using the density of state ρ(~ω) effectively contributing in
the measurement, and Ie (~ω) which is proportional to
the fluctuation population times their linewidth. The
measurement has been performed at T = 30 K and the
result is shown in log scale in Supplementary Figure
3.c. The excitations occupancy n(~ω) obtained in this
way agrees very well with a Maxwell-Boltzmann distri-

bution at T = 30 K. The distributions for T = 27 K and
T = 33 K are shown as dashed lines. This result is a
strong argument in favour of scenario (3).

SUPPLEMENTARY NOTE 4.
POINT C

WORKING

In order to support the generality of our observations,
we have performed a full characterization of the polariton superfluid excitations at several other working points.
Supplementary Figure 4 shows the characterization at
working point C, in which the condensate is driven at normal incidence θ = 0◦ . Supplementary Figure 4.a shows
the raw EPL measurements in the red-shifted weak excitation regime, that we use to determine the reference
free-particle dispersion, and Supplementary Figure 4.b
shows the raw EPL measurement in a switched-up state.
The hysteresis curve I0 (P ) is shown in Supplementary
Figure 5.a. The analyzed dispersion relations are shown
all together in and Supplementary Figure 4.c and individually in Supplementary Figure 4.e-g. In the latter
case, the limiting cases theory (i) and (ii) discussed in
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the main text are plotted for comparison as black and
blue dashed line respectively. The extracted linewidth
analysis is plotted as well in Supplementary Figure 4.d.
As explained in the next section, the flat behaviour of ~γ
vs angle for the free-particle dispersion and the switched
down states results from the absence of switching front,
and of a spatial filter in the detection. The experimental parameters of WPC are δ = +0.7meV , T = 30K,
free particle linewidth at k = 0 ~γc = 0.4meV, and
∆ = +1.04meV.

SUPPLEMENTARY NOTE 5. CHARACTERISTICS
OF THE CONDENSATE IN REAL SPACE
Spatial structure of the condensate

Owing to the Gaussian shape of the excitation spot
the upper branch of the hysteresis is located within a
round area at the center of the excitation spot, separated by a sharp switching front of diameter D(2) from
the outer ring of polaritons, that are in a switched-down
state. This is shown in Supplementary Figure 5 where the
measured cross-polarized condensate at WPC is shown
in real space for three different regimes: in the state labeled ’1’ in Supplementary Figure 5.b the whole fluid is
in the lower branch of the hysteresis (which is shown in
Supplementary Figure 5.a), and thus exhibits a gaussian
intensity distribution. In Supplementary Figure 5.c the
central part of the fluid labeled ’UB’ has switched to the
upper branch, while the outer rim labeled ’LB’ remains
in the lower branch. The switching front separating the
two is shown as a dashed orange line. At higher intensity
(state ’3’ in Supplementary Figure 5.d), the diameter of
the switching front slightly increases, i.e. moves further
towards the edges of the fluid.

Influence on the measured linewidth ~γ(θ) in the
high-density regime

The analysis of the raw measurement Ie (θ, ω) also gives
us access to the excitations spectral linewidth ~γ. The results are shown in Supplementary Figure 6 for both WPA
(a) and WPB (b) together with the results of the full
theory calculation. In the low excitation regime, (solid
black line labelled ’0’ in WPA), the measured linewidth
is essentially angle-independent. This is expected as over
such a small angular range, the excitonic and photonic
fraction hardly change vs θ: i.e. the kinetic energy increase as compared to the Rabi splitting is small (1 meV
increase between 0◦ and 10◦ ). For the measurements
of ~γ(θ) in states ’1’ (switched-down state), ’2’, and ’3’
(switched-up states), we have inserted a circular aperture
of diameter D(1) in the detection path that filters out the
outer area of the excitation spot.
For the measurement of ~γ(θ) in states ’2’ and ’3’, both
the finite size of the ’UB’ area in real space, and the use

Supplementary Figure 5. condensate spatial structure
- (a) Measured hysteresis curve I0 (P ) of the cross-polarized
reflectivity for a working point with parameters identical to
WPA. The cross-polarized condensate density is shown in real
space for the states ’1’ (b), ’2’ (c) and ’3’ (d) marked on the
hysteresis curve. ’LB’ (’UB’) stands for lower (upper) branch
of I0 (P ). The dashed orange line shows the circular switching
front separating the ’LB’ and the ’UB’ areas.

of a circular aperture filter have a significant influence: in
both cases, the excitations of the condensate have a finite
transit time either throughout the circular aperture of the
detection or within the switched up area, depending on
which is the smallest. This transit time is fixed by the
excitation group velocity τ (k) = D(1,2) /vg (θ), which is a
decreasing function of θ, regardless of the detailed nature
of the excitation. For the switched down state shown in
Supplementary Figure 5.a, there is no switching front
such that the circular aperture of diameter D(1) = 40 µm
actually fixes the increasing rate of γ̄ versus θ. This is
the case of state ’1’ in Fig.36.a in the main text. For
states labeled ’2’ and ’3’ in Supplementary Figure 6.a and
Supplementary Figure 6.b, the switching front diameters
D(2) are comparable and close to D(1) = 40 µm. As a
result, the increase of ~γ versus θ reflects the presence
of the switching front, and can thus be considered as a
characteristic feature of a locally switched-up polariton
fluid driven by a Gaussian spot.
While our full theory is translational invariant, we can
still mimic this effect with it by adding a numerical spatial filter of diameter D(2) to the results. The result is
shown is Supplementary Figure 6 as the light solid lines.
We see that while the increasing linewidth versus θ is indeed reproduced, it is underestimated. Other sources of
nonlinear broadening are likely to contribute for increasing excitations energy, as the reservoir becomes highly
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Supplementary Figure 6. Linewidth versus momentum Measured excitations linewidth ~γ(θ) vs Angle, as obtained
from the numerical analysis of the EPL (narrow solid lines) for
WPA (a) and WPB (b). The full vectorial theory is shown as
the thick solid lines. For the measurement data, the line thickness show the 95%-confidence interval. The same labelling
convention is used as in Fig.3 of the main text. The solid
vertical line show the laser excitation incidence angle, while
the dashed one shows the zero incidence reference (θp = 0◦ )

populated (not accounted for in the present model).

Influence of the Gaussian spot on the dispersion relation of
the excitations ωe (θ)

The density profiles shown in Supplementary Figure
5.c,d display two types of inhomogeneities: an overall
modulation due to the pump Gaussian intensity profile,
and random fluctuations due to in-plane disorder. We
discuss here how the Gaussian spot may influence the
dispersion relation, and in the next section the influence
of disorder.
This problem is difficult to tackle in the framework of
the full theory: the specific shape of the cloud strongly
depends on the bistability features and, in turn, on the
details of the switch-off jump at the edge of the cloud.
However, we can take the simplifying assumptions of the
local density approximation (LDA), which is reasonable,
if not exact, considering the large size of the Gaussian
spot (σr = 25 µm radius).
We thus assume a pure, scalar polariton condensate for
which the excitations dispersion relation ωbog (kk , ω, n)
is given by Eq.(2) of the main text. The pump spot
has a bidimensionnal
Gaussian
intensity profile: IP (r) =


I0 /(πσr2 ) exp −(r2 /σr2 ) . The local polariton density
n(r) is derived within the LDA from the steady-state

GGPE equation IP (n) = n (∆ + gn)2 + (γ/2)2 .
Using the experimental parameters ~∆ = −0.79 meV,
and ~γ = 0.4 meV (WPA), we obtain the hysteretic plot
IP (n) shown in Supplementary Figure 7.a, and the den-

Supplementary Figure 7. influence of the Gaussian spot
on the dispersion relation - a) calculated n(I0 ) for ~∆ =
−0.79 meV, and ~γ = 0.4 meV from the homogeneous steadystate GGPE. b) calculated Profile of the polariton density
n(r) in the LDA, for a Gaussian spot of size σr = 25 µm
and a peak intensity I0 close enough to the switch down
point in order to match the experimental blueshift (of WPA.2)
~ωBS = gn = 0.85 meV. The dashed red line shows the spatial filter edge used in the calculation. c) Calculated inhomogeneous spectral function F (kk , ω) in the LDA. The cyan
dashed line is the theoretical excitations dispersion relation of
the homogeneous pure condensate. The black dashed line is
the homogeneous rigid blueshift ωRB (kk ). d) Cross-sections of
F (kk = kj , ω) for kj = 0, 0.6, 1 µm−1 in red blue and green respectively. The dashed line show the homogeneous lineshape
L(ω, ω0 , γ) for comparison.

sity distribution n(r) (Supplementary Figure 7.b). This
density profile is in qualitative agreement with the measured one shown in Supplementary Figure 5.c,d in terms
of its ’flatness’ in the switched-up area (excluding the
fluctuations due to the weak disorder). Assuming a
Lorentzian lineshape, the inhomogeneous spectral function F (k, ) is obtained in the LDA approximation as
ZZ


 
dxdy n(r)L ω, ωbog kk , ω, n(r) , γ ,

F (kk , ω) =
f

(7)
where n(r)dxdy is proportional to the local intensity
dI(x, y), L(ω, ω0 , γ) is a Lorentzian lineshape centered at
ω0 and of linewidth (FWHM) γ, and f is the spatial filter (circular aperture) which is centered on the switchedup area, with a smaller diameter in order to reject the
switching front separating the two regions, like in the ex-
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periment (red dashed line in Supplementary Figure 7.b).
The calculated spectral function is shown in Supplementary Figure 7.c in colorscale. Like in the manuscript,
we can compare it with the two limiting cases: homogeneous pure polaritons condensate dispersion relation
(cyan dashed line), and rigidly blueshifted dispersion relation (black dashed line), both with a blueshift equal to
the experimental one (~ωBS = 0.85 meV, WPA.2). We
see very clearly that in spite of the inhomogeneity from
the Gaussian spot, the fit with the pure condensate limit
is nearly perfect. This is in contradiction with the measurement, in which the speed of sound is found twice too
low as compared to the homogeneous pure condensate
limit. This is far too large a deviation, even in the local
density approximation.
Note that the LDA being an approximation, we tested
parameters slightly different from the experimental ones
in terms of linewidth and laser detuning ∆, for which
the switched up density distribution is less flat. The
deviation between the homogeneous dispersion relation
and the inhomogeneous spectral function remained also
largely negligible.
This analysis provides another relevant insight. In
spite of using a Gaussian spot for the excitations, we
see that the hysteretic behavior offers a ’flattening’ of
the polaritons density, which limits the inhomogeneous
broadening of the excitations. This is also true in the case
where a reservoir is involved. In essence, the nonlinearity
acts as a spatial ’tophat’ filter for the Gaussian pump
spot, a strategy often used in optical spectroscopy to
mimic a quasi-homogeneous spot intensity distribution.
The positive influence of this flattening effect is visible
(within the LDA) in Supplementary Figure 7.d, where inhomogeneous spectra F (kk = kj , ω) for three values of kj
are plotted (color lines) and compared with the homogeneous lineshape L(ω, ω0 , γ) (black dashed line). In spite
of the Gaussian excitation, we see a vanishing deviation
between the two. This is in agreement with the experimentally measured linewidth shown in Supplementary
Figure 6. Indeed, if we look at the excitation spectrum
linewidth at θ = 0, for which the effect of the spatial filter is minimum (due to vanishing group velocity), we see
that in spite of a total blueshift of 0.85 meV (Supplementary Figure 6.a red line, θ = 0◦ ), the measured linewidth
of 0.4 meV remains unchanged as compared to that in the
non-interacting regime (Supplementary Figure 6.a black
line, θ = 0◦ ), within the experimental uncertainty. This
is a solid indication that, thanks to the nonlinear ’flattening’ of the density, the Gaussian spot shape has a
negligible influence on the excitations lineshape and on
the dispersion relation shape.

Influence of disorder on the dispersion relation of the
excitations ωe (θ)

The darker and brighter patches observed in Supplementary Figure 5.c,d are attributable to a local disorder

Supplementary Figure 8. Angular cross-sections - a) Raw
measurement of log10 [Ie (θ, ~ω)] of WPA point ’3’ (color scale).
Experimental (red line) and theoretical (dashed blue line) horizontal cross sections Ie (θ, ei ) are shown for e6 = 1606.09 meV
(b), e5 = 1606.22 meV (c), e4 = 1606.48 meV (d), e3 =
1606.74 meV (e), e2 = 1607.01 meV (f), qnd e1 = 1607.27 meV
(g). The small peak visible in panels b,c and g around θ = −2◦
is a residue from the pump laser.

of weak amplitude (as compared to the linewidth) and
correlation length in the 3−5 µm (cf. Fig.2.b in the main
text). Again, they are of unknown relative amplitude
with respect to the total condensate density. Owing to
the relatively small correlation length, the LDA approximation is probably not good enough to analyze their influence on the excitation dispersion relation. However, a
disruptive disorder should result in (i) a significant broadening and a possible asymmetry of the measured spectra
I(θ = θj , ω), and (ii) the signatures of localization: spectrally narrow states, broad in momentum space, and flat
in dispersion.
We have looked for both signatures in the experimental data and found none of them. Measured spectra
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I(θ = θj , ω) are shown in detail in Supplementary Figure
2.b, and exhibit no sharp peaks indicative of localization within the experimental uncertainty. We have also
looked at cross-sections at fixed energies I(θ, ω = ωj )
(red lines in Supplementary Figure 8), and compare them
with the spectral function of the free-polariton dispersion
fp (θ, ω = ωj ) (dashed blue lines in Supplementary Figure 8). While this is obviously an approximate model, it
is sufficient to check whether some anomalous broadening in momentum space are present in the experimental
peaks. The linewidths used in this simple comparison are
extrapolated from the table in section II of the SI. Very
small corrections to the cross-section energy are applied
in order to match angular-peaks from the free-polariton
model and the experiment. It is clear from this comparison that we do not see any momentum broadening or
signatures of localization.

SUPPLEMENTARY NOTE 6. STATISTICAL
ANALYSIS OF THE CONDENSATE FRACTION
AND RENORMALIZED SPEED OF SOUND

The comparisons between the theoretical dispersion relations and the measured ones, are shown quantitatively
in Supplementary
deviP Figure 9 using the normalized
P
2
2
ation R2 (ρ) =
i [ωexp (ki ) − ωth (ρ, ki )] /
i ωexp (ki ) .
Supplementary Figure 9 plots r2 (ρ) = min(R2 )/R2 (ρ)
where
ρ=

nc
γR
=
,
nR + nc
γin + γR

(8)

is the condensate fraction, nc = nx + ny = |ψxs |2 + |ψys |2 ,
γR = 1.6 µeV as extracted from the decay time found
in Supplementary Figure 1, and γin is the actual fit free
parameter. The closer to r2 is to 1, the better the agreement. The full width at half maximum of r2 (ρ) provides
an estimate of its 1σ-confidence interval. The line connecting the dots in Supplementary Figure 9 is a guide for
the eye. The thus determined confidence intervals has
been used in Fig.3 of the main text, where the theoretical
dispersion plots is obtained by plotting the two dispersion relations calculated at the two confidence interval
boundaries, and by coloring the area that they delimit.
This analysis also gives an estimate of the two speeds of
sound that characterizes the two cross-polarized Bogoliubov branches at the sonic point of the hysteresis. In the
simplifying assumption that ny = 0, i.e ρ = nx /(nx +nR ),
they have the analytical expression given in eq.(33) and
eq.(35). The results are shown in Supplementary Figure 9 (right axis), where the speeds of sound
p cx and cy
normalized to the critical velocity vc = ~ωBS /m are
plotted alongside r2 (ρ).
The results of this whole analysis are summarized in
the following table.

WP
A.2
A.3
B.2
B.3

ρ
47%
45%
78%
68%

CI(ρ)
[40%;53%]
[38%;50%]
[70%;85%]
[60%;73%]

cx /vc
43%
42%
61%
52%

cy /vc
48%
46%
68%
57%

where ’CI’ stands for ’confidence interval’.

SUPPLEMENTARY NOTE 7. ESTIMATE OF
THE POLARITON-POLARITON INTERACTION
STRENGTH

A key advantage of this work is that we can extract the
relative contribution of polariton-polariton interaction
~ḡn to the total blueshifts ~ωBS = ~ḡn + ~gR nR . Thus
for instance in WPA point 2, out of ~ωBS = 0.85 meV,
~ḡn = 0.15 meV come from polariton-polariton interaction.
However, in order to derive an actual value of the
polariton-polariton interaction constant gT (where 2ḡ =
gT +gS ), we need additional information such as an absolute estimate of the polariton density n, or of the pump
term |F |2 . Since we have a solid measurement of the
latter in our I(P ) measurement, we can use it to infer
gT .
Assuming the scalar limit of our model, in the homogeneous and steady state regime, we get that


~2 γ̄ 2
(−~∆ + ~geff n)2 +
n = |F |2 ,
(9)
4
where geff = ḡ + gR γin /γR and γ̄ = (γc + γin ). The inputoutput theory of polaritons [5] provide a relation between
the intracavity polaritonic field generation rate |F |2 and
the external pump of power Pin :
|F |2 =

Pin 106 ~2
~γ
|C|2 fp (ra )
,
2
~ωl e2

(10)

where |F |2 is expressed in [meV.µm2 ] units, |C|2 is the
photonic fraction, Pin is the laser power in Watts, fp (r)
is a normalized Gaussian distribution describing the spot
in µm−2 units, and ra is an average radial position
within the spot such that the spatially averaged blueshift
h~geff ni is that found in the experiment. In introducing
fp (r) and neglecting the kinetic term in the equation of
motion above, we have made the implicit assumption of
the slowly varying envelope. In order to determine ra we
would need to know the distribution n(r). We do not
know it, but we have a measurement of the radius rt of
the UB in real space shown in Supplementary Figure 5.c:
rt = 17.5 µm.
We thus consider two extreme situations: ra = 0 and
ra = rt as forming a first contribution to the error bar
of gT . We then fit the theoretical hysteresis ~ωBS (Pin )
derived from the above equations such that (i) the jumpup occurs at the experimental one: Pju = 30.1 mW as
shown in I(P ) in Fig.2.a, and (ii) the total blueshift
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Supplementary Figure 9. Statistical analysis of the condensate fraction by quantitative comparison between
experiment and theory - Agreement between the measured dispersion relation and the full vectorial theory, quantified as
r2 (ρ) =min(R2 )/R2 (ρ) (red symbols), versus the condensate fraction ρ = nc /(nR + nc ) for WPA.2 (a),WPA.3 (b), WPB.2 (c)
and WPB.3 (d). The red solid line is a guide for the eye. The right axis show the calculated speed of sounds of the two cross
polarized excitations cx /vc (blue line) and cy /vc (blue green line) versus ρ, in the limit where ny = 0 (see text).

~geff n matches the experimental one ~ωBS = 0.85 meV
of point 2 at ra = 0 or ra = rt .
In doing so, we find ~gT = 8 ± 2µeVµm2 in which the
error bar is actually rather set by the larger uncertainty
on γin /γR than on ra . This value is well in-line with
the literature, with the advantage of ruling out for sure
the reservoir contribution. We insist however that this
method is approximate, as it doesn’t take into account
the spatial shape of the spot rigorously, which would require a much more involved modelization.

wavefunctions ψσ (r), corresponding to the two linear polarizations with σ = x, y (pump-probe basis), coupled to
a dark-exciton reservoir with density nR :

SUPPLEMENTARY NOTE 8. FULL
VECTORIAL THEORY
Theoretical model

In order to model the experiment, we use a generalized
Gross-Pitaevskii theory for the two polariton condensate



α
gT + gS
γc + γin
α
gT − gS ∗ 2
i∂t ψx = ωLP (k̂) − cos(2Θ) +
|ψx |2 + gT |ψy |2 + gR nR − i
ψx − sin(2Θ) ψy −
ψx ψy + F
2
2
2
2
2
(11)


α
gT + gS
γc + γin
α
gT − gS ∗ 2
|ψy |2 + gT |ψx |2 + gR nR − i
ψy − sin(2Θ) ψx −
ψy ψx (12)
i∂t ψy = ωLP (k̂) + cos(2Θ) +
2
2
2
2
2
∂t nR = −γR nR + γin (|ψx |2 + |ψy |2 )

where ωLP (k̂) = ωLP,0 −

~
2
2m ∇

and k̂ = −i∇, with m

(13)

the effective polariton mass, α ∼ 0.1 ± 0.05 meV is a
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birifringence splitting and Θ ' 19◦ is the angle between
the natural cavity axis and the pump-probe x, y polarization basis. gT and gS are the triplet and singlet coupling
constants respectively, and we take gS = −0.1 gT and
gT > 0. The pump field is F (r, t) = F0 eikp ·r−iωp t . The
other parameters are the reservoir filling rate γin from
the condensate, the reservoir decay rate γR and the condensate radiative loss rate γc .

Steady-state

If the detuning ∆ = ωp − ωLP,0 is sufficiently large,
the steady state solution {ψxs , ψys , nsR } of Eqs.(11-13) displays a bistable behaviour for ψxs as a function of the
pump intensity |F0 |2 , similar to the well-known solution in the single-polarization case [5], while for ψys the
upper branch of the hysteresis is decreasing, due to the
competing interactions with ψxs .

Excitation spectrum

By linearizing Eqs.(11-13) for small deviations from
the steady state, ie δψσ = ψσ − ψσs , δnR = nR − nsR , we
obtain the generalized Bogoliubov-De Gennes equations
~ t) = Lˆ(k̂)δ ψ(r,
~ t)
i∂t δ ψ(r,

(14)

~ = (δψx , δψ ∗ , δψy , δψ ∗ , δnR ) is the fluctuation
where δ ψ
y
x
vector. The Bogoliubov spectrum then consists in five
eigenbranches ω(k) related by particle-hole symmetry.
Supplementary Figure 10 show examples of the five eigenbranches visible in the direction cross-polarized with the
pump, calculated with the parameters of WPA, and different pump strength |F |2 . The flat branch has a mostly
reservoir character, while the four others have a mostly
polaritonic character. Owing to the brifreingence characteristic (α = 0.1 meV and Θ = 19◦ ) The red modes originates mostly from the x component (co-polarized with
the laser drive), while the blue modes originate mostly
from the y component (cross-polarized with the laser
drive).
In order to account for the experimental observations,
we perform a linear-response analysis for the field ampli~ = (δψx (k), δψ ∗ (−k), δψy (k), δψ ∗ (−k), δnR (k))
tude δ ψ
x
y
~ = [ω − Lˆ(k)]
δψ

−1

δ F~

(15)

as the response to a stochastic drive δ F~
=
(δFx (k, ω), −δFx∗ (−k, −ω), δFy (k, ω), −δFy∗ (−k, −ω), 0).
Assuming that the main excitation mechanism
is the coupling to acoustic phonons [6], one has
δFσ (k, ω) = ψσs T (k, ω), with T (k, ω) a stochastic phonon field.
After averaging over the random realizations of the phonon field and defining

Supplementary Figure 10. Dispersion relations of the excitations in the vectorial model - The five theoretical
branches obtained from Eq.(14) are shown as dotted lines.
The mostly reservoir excitation branch is shown in orange.
The mostly polaritonic excitation branches are shown in red
(dominant x character) and blue (dominant y character). The
normal (ghost) branches have a positive (negative) energy.
The black line shows the theoretical dispersion as extracted
from the calculated I(k, ω). The parameters are those of
WPA: ∆ = 0.79 meV, Θ = π/9, α = 0.1 meV, gS = −0.1gT ,
~γR = ~γi = 0.0016 meV. Different pump strength are shown:
(a) |F |2 ' |Fju |2 (a), (b) |F |2 = 1.03|Fju |2 , and (c) |F |2 =
1.05|Fju |2 , where |Fju |2 is the jump-up pump strength.

χij (k, ω) =

h

i

1
,
ω−Lˆ(k) ij

the field intensity is

hh|δψy (k, ω)|2 iiph =
|χ31 ψxs − χ32 ψxs ∗ + χ33 ψys − χ34 ψys ∗ |2 Sph (k, ω)

(16)

where Sph is the phonon density of state, taken in this
work as constant. Finally, in order to model the effect
of the finite pump spot and of the iris, we multiply the
polariton field by a spatial filter function f corresponding to a circular hole of diameter 35µm, ψyout (r, t) =

11
by the reservoir is γin . The polariton-polariton interaction energy is proportional to the scalar density n = |ψ|2
with a coupling constant g, while the interactions energy
between polaritons and the reservoir is fixed by ~gR nR .
The corresponding steady-state solution for the polariton density reads


~2 γ̄ 2
(−~∆ + ~geff n)2 +
n = |F |2 ,
(19)
4

Supplementary Figure 11. Hysteretic response of n(|F |2 )
in the scalar limit, in three different conditions: ∆/γ =
−0.05 (black line), ∆/γ = 0.55 (blue line), and ∆/γ = 1.3
(red line). Only the latter exhibits a hysteretic behaviour.
The horizontal axis is the unitless polariton generation rate
normalized to the loss rate 4|F |2 /γc2 .

f (r)ψy (r, t); in the end,
R the measured Fourier space intensity is I(k, ω) = dk0 |f (k − k0 )|2 hh|δψy (k0 , ω)|2 iiph .
I(k, ω) is our actual experimental observable. We thus
apply to it the same numerical analysis as for the experimental one: we fit it with a single Lorentzian lineshape,
in order to obtain a single theoretical dispersion relation (two if we accounts for positive and negative energy
branches), to be compared with the experimental one.
The result of this procedure is shown as a black line in
Supplementary Figure 10.

Scalar limit of the model

In the main text, we take the scalar limit of the vectorial model as it is much simpler to discuss. It would
be valid for instance under circular excitations, and copolarized detection. Its expression reads

~2 2
i~∂t ψ = ~ω0 −
∇ + ~g|ψ|2 + ~gR nR
2m

~(γ + γin )
ψ + F (t)
−i
2
∂t nR = −γR nR + γin |ψ|2 ,

(17)
(18)

where m is the polariton effective mass, F (t) is the resonant, spatially homogeneous laser drive, γ is the radiative
loss rate, and the much slower capture rate of polaritons

Z
Hkin =

where geff = g + gR γin /γR and γ̄ = (γ + γin ), and the
total blueshift ~ωBS = geff n. This function
exhibits a
√
hysteretic behaviour as soon as ~∆ ≤ ~γ 3/2. Examples
of steady-state polariton density n versus pump strength
|F |2 are shown in Supplementary Figure 11.

Derivation of the model

We provide here below the derivation of the Hamiltonian used to model the experiment.

Kinetic part

The cavity used in the experiment has some intrinsic
birifringence. In the linear polarization basis |si, |f i, associated to the axis of the cavity, the Hamiltonian for the
lower polariton (LP) branch reads
Z

α
Hbir = d2 r ψ̂s† ωLP (k̂) −
ψ̂s
2


α
ψ̂f ,
(20)
+ ψ̂f† ωLP (k̂) +
2
where the LP band is taken in the parabolic approxima~
tion ωLP (k̂) = ω0LP − 2m
∇2 , with m the effective polariton mass and the field operators ψ̂s (r), ψ̂f (r) destroy a
boson with polarization s, f respectively at spatial position r.
In our experiment the birefringence splitting is α ∼
0.1 ± 0.05 meV and the laser is pumped with a linear
polarization x rotated by an angle Θ ' −19◦ with respect
to the s axis, ie we have
  
 
ψ̂s
cos Θ sin Θ
ψ̂x
=
,
(21)
− sin Θ cos Θ
ψ̂f
ψ̂y
so that the kinetic part of the Hamiltonian in the |xi, |yi
linear polarization basis reads


  


α − cos 2Θ − sin 2Θ
ψ̂x
d2 r ψ̂x† ψ̂y† ωLP (k̂)I +
,
2 − sin 2Θ cos 2Θ
ψ̂y

Two-body interactions

Using spin conservation, the polariton–polariton interaction is naturally written in the circular polarization

(22)

√
basis |σ± i = (|xi ± i|yi)/ 2 as
Z
h
1
† †
† †
ψ̂− ψ̂− ψ̂− )
Hint =
d2 r gT (ψ̂+
ψ̂+ ψ̂+ ψ̂+ + ψ̂−
2
i
† †
+ 2gS ψ̂+
ψ̂− ψ̂+ ψ̂−
(23)
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where ψ̂± (r) denote the field operators for σ± circular
polarizations respectively. In the simulations we take the
values gS /gT ∼ −0.1, gT > 0, in agreement with known
properties of III-V semiconductor microcavities [7, 8].
The full vectorial Hamiltonian for the polariton field
then reads
Z
h
i
H0 = Hkin + Hint + d2 r F (r, t)ψ̂x† (r) + F ∗ (r, t)ψ̂x (r)
(24)
where F (r, t) is the laser pump. Notice that in the experiment only the x-polarization component of the polariton
field is pumped.
Reservoir population, incoherent losses and cavity losses

We consider an excitonic reservoir coupled to the polariton density as in [9], density coupled to the condensate. We also model the polariton radiative losses from
the cavity by introducing a loss rate constant γc for both
polariton polarizations.
Using the above results in the mean-field approximation for the polariton fields, one readily derives the
Gross–Pitaevskii equations given in Eq.(3) in the main
text, as well as the equation for the reservoir (Eq.(4) of
the main text).

As described in the methods section in the main text,
within the linear response theory we treat the field
T (q, ω) to order one in perturbation theory (so that ψσ
enters at order 0 in δF , with consequent decoupling of the
Fourier components), and calculate the linear response of
the polariton condensate to it.

Bogoliubov excitations excluding birefringence

We derive in this section the analytical expression for
the speed of sound given in the main text and provide
an analysis of the nature of Bogolubov excitations. For
this purpose we consider the limit where the birifringence
parameter α is set to zero.
For α = 0 the steady state features ψys = 0, while ψxs is
given by the standard bistability condition [5] with renorS
+ gRγγRin
malized nonlinear coupling strength geff = gT +g
2
γ
and the steady-state reservoir is given by nsR = γin
|ψxs |2 .
R
As a consequence of the steady-state condition, the Bogoliubov equations for the excitations for the condensate
with y polarization are decoupled from those of the condensate with x polarization and the reservoir:


~ 2
γ̄
s 2
s
i∂t δψx = −∆ −
∇ + 2ḡ|ψx | + gR nR − i
δψx
2m
2
+ ḡψxs 2 δψx∗ + gR ψxs δnR

Polariton-phonon interactions

Finally, we describe the coupling of polaritons to acoustic phonons by a deformation-potential interaction via
the Hamiltonian [10]
X
Hpol−phon =
(25)
Gq,qz (bq,qz − b†−q,−qz )ρq

∂t δnR = −γR δnR + γin (ψxs δψx∗ + ψxs ∗ δψx ),

hhT ∗ (q, t)T (q0 , t0 )iiph =

X

|Gq,qz |2 δq,q0 n(ωq,qz )δ(t−t0 ),

qz

(26)
with hh· · ·iiph being the average over the noise realizations, n(ωq,qz ) = 1/(e~ωq,qz /kB T − 1), T the temperature
and ωq,qz the acoustic phonon dispersion. Notice that
the sum over qz ensures a non-zero matrix element at
small q even if |Gq,qz |2 vanishes for |q|, qz → 0. The use
of a constant power spectral density S(q, ω) is equivalent
to the high temperature approximation of Eq. (26).

(28)

and


γ̄
~ 2
s 2
s
∇ + gT |ψx | + gR nR − i
δψy
i∂t δψy = −∆ −
2m
2
− gd ψxs 2 δψy∗ ,

q,qz

where Gq,qz is the acoustic phonon-polariton coupling
strength taking into account the anisotropy due to the
presence of the quantum well confinement in the z direction [6, 10], bq,qz is the phononic field operator and ρq is
the density fluctuation of the polariton condensate with
cavity in-plane momentum q.
The above Hamiltonian yields a stochastic phonon field
in the Gross-Pitaevskii equation acting on both polarization components
P σ = x, y of the polariton condensate
according to ( q [T (q, t) + T ∗ (−q, t)]eiq·r )ψσ (r), where

(27)

(29)

0
, ḡ = (gT + gS )/2, gd = (gT − gS )/2
where ∆ = ωp − ωLP
γ̄ = (γc + γin ). The corresponding 5 × 5 Bogoliubov
matrix L (k̂) separates into two block matrices, namely
a 3×3 part for the x-polarized condensate and reservoir,
and a 2 × 2 part for the y-polarized condensate.
We start discussing the 3×3 part:


ηx (k) − i γ̄2
ḡψxs 2
gR ψxs
L (k)|x,R =  −ḡψxs ∗ 2 −ηx (−k) − i γ̄2 −gR ψx∗  ,
iγin ψxs
iγin ψxs ∗
−iγR
(30)
where ηx (k) = −∆ + k 2 /2m + 2ḡ|ψxs |2 + gR nR . The
structure of the above matrix is characterized by particlehole symmetry, ie

PL = −L P

(31)

where



0 1 0
P = K  1 0 0
0 0 1

(32)
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and K stands for complex conjugation. This symmetry
implies L P|ωi = −ω ∗ P|ωi, so that P links pairs of
eigenvectors. Since the size of the matrix is three and
the system is parity invariant, this analysis allows us to
immediately conclude that one eigenvlue is purely imaginary, and we attribute it to the reservoir branch. The
remaining two eigenvalues, corresponding to the particle
±
and hole branches, take the form ωX
(k) = ±(k) − i γ(k)
2 .
2
In the case ∆ = ~ωBS , where ~ωBS = ḡ|ψx | + gR nR ,
the excitation spectrum has a linear, gapless dispersion.
By solving the eigenvalue problem at long wavelength we
±
obtain ωX
(k) = ±cx k − iγ̄/2 with
c2x =

γ̄
gR nR
~ωBS
−
,
m
(γ̄ − 2γR ) m

(33)

at α = 0 and at the point with gapless excitation spectrum. We notice that at small wavevector |Re[ωx (k)]| 
|Im[ωx (k)]| ' γ̄ the density fluctuations of the condensate and of the reservoir are in phase opposition. This
is in agreement with the fact that the excitation branch
ωx (k) is a Goldstone mode, so at small k the system tries
to keep constant density by making δnR and δ|ψx |2 oscillate with a relative phase π to compensate each other.
At large momentum |Re[ωx (k)]|  |Im[ωx (k)]| instead,
δnR follows δ|ψx |2 in quadrature of phase, with the condensate density fluctuations driving the reservoir density
ones. Given the complex nature of ωa (k), the transition
between the two regimes occurs when the real part of the
Bogoliubov energy Re[ωa (k)] is of the order of the loss
rate γ̄.

holding for c2x > 0. In the limit γR  γ̄ = (γc + γin ),
corresponding to the experimental conditions where the
reservoir reacts slowly to fluctuations in the condensate,
we obtain c2x = ~ωBS /m − gR nR /m = ḡ|ψxs |2 /m, indicating that only the energy due to the condensate contributes to the speed of sound, while the energy stored
in the dark excitonic reservoir acts just as a global energy shift. In the adiabatic limit γR  γ̄, when the
reservoir responds instantaneously to the condensate one
finds that both reservoir and condensate contribute to
the speed of sound, ie c2x = ~ωBS /m.
In the y-polarization sector the Bogolubov matrix
reads


ηy (k) − i γ̄2
gd ψxs 2
L (k)|y =
,
(34)
2
−gd ψxs ∗
−ηy (−k) − i γ̄2
where ηy (k) = −∆ + k 2 /2m + gT |ψxs |2 + gR nR . The
condition for having gapless Bogoliubov excitations in
the above equation is −∆ + gT |ψxs |2 + gR nsR = gd |ψxs |2 .
Interestingly, this coincides with the condition ∆ = ~ωBS
required for having a gapless x branch. At low momenta
the dispersion relation of the y branch reads ωy± (k) =
±cy k − iγ̄/2, with
c2y =

gd (µy − gR nR )
gT − gS |ψxs |2
=
m
2
m

(35)

where µy = gT |ψxs |2 + gR nR . Notice that our choice of
parameters gT > 0, gS /gT = −0.1 implies that the y
branch of the phonon dispersion lies at higher energy
than the x branch in all regimes, which implies that cy >
cx .
Next, we analyze how the reservoir influences the nature of the eigenmodes of the Bogolubov excitations. Using Eq.(28) above we get the relation between the variation of the condensate density and the one of the reservoir
density,
δnR
γin
=
,
δ(|ψx |2 + |ψy |2 )
γR − iωa (k)

(36)

that holds for any eigenmode. Fig. 12 shows the argument of this quantity for the case of the a = x branch,

Supplementary Figure 12. relative phase between the
condensate and the reservoir excitations in the eigenbranch ωX (k) - Blue, left axis: real part of ωX (k). The phase
difference φ = arg δnR /δ|ψx |2 along the x positive eigenbranch is shown in red, (right axis). For the calculation we
have chosen ∆ = ~ωBS = 0.8 meV, α = 0 (so that the y polaritons are decoupled), ~2 /m = 1.0 meVµm2 , gR /ḡ = 4.0,
γR = 0.0016 meV, γ̄ = 0.4 meV, Ec /Etot = 0.2. This last
condition fixes γin = 0.0016 meV

Finally, we extend the above analysis to the case of
finite in-plane momentum of excitation ie for kp 6= 0. The
steady-state solution takes the form ψxs (r) = |ψxs | eikp ·r .
In the case α = 0 the Bogoliubov matrix Eq.(30) for
the x-polarization condensate coupled to the reservoir is
modified to [11]
Lkp (k) x,R =


gψxs 2
gR ψxs
ηx (δk + kp ) − i γ̄2
2

−ηx (δk − kp ) − i γ̄2 −gR ψxs ∗  .
−gψxs ∗
s
iγin ψx
iγin ψxs ∗
−iγR
(37)
where δk = k − kp is the momentum measured in the
fluid reference frame.
Interestingly, in this case the inversion symmetry is
broken, and the reservoir excitation branch acquires a
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real part (while particle–hole symmetry only requires
P|δk, ωi = | − δk, −ω ∗ i). In particular, at the equilibrium point ∆ −

2
~2 kp
2m

− ~ωBS = 0, the real part of the
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