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Conduction through materials crucially depends on how 
ordered the materials are. Periodically ordered systems 
exhibit extended Bloch waves that generate metallic bands, 
whereas disorder is known to limit conduction and localize 
the motion of particles in a medium1,2. In this context, qua-
siperiodic systems, which are neither periodic nor disordered, 
demonstrate exotic conduction properties, self-similar wave-
functions and critical phenomena3. Here, we explore the local-
ization properties of waves in a novel family of quasiperiodic 
chains obtained when continuously interpolating between two 
paradigmatic limits4: the Aubry–André model5,6, famous for its 
metal-to-insulator transition, and the Fibonacci chain7,8, known 
for its critical nature. We discover that the Aubry–André model 
evolves into criticality through a cascade of band-selective 
localization/delocalization transitions that iteratively shape 
the self-similar critical wavefunctions of the Fibonacci chain. 
Using experiments on cavity-polariton devices, we observe 
the first transition and reveal the microscopic origin of the 
cascade. Our findings offer (1) a unique new insight into 
understanding the criticality of quasiperiodic chains, (2) a 
controllable knob by which to engineer band-selective pass 
filters and (3) a versatile experimental platform with which to 
further study the interplay of many-body interactions and dis-
sipation in a wide range of quasiperiodic models.

Coherent localization of waves is one of the most fundamental 
effects affecting the conduction properties of materials2. In pristine 
periodic mediums, wave-like excitations are expected to propagate 
ballistically, following their specific wave equation. Commonly, the 
presence of disorder reduces the wave propagation, possibly driving 
it to a diffusive instead of a ballistic regime. With increasing disor-
der in a system, a metal-to-insulator transition occurs and the waves 
localize. This is known as Anderson’s localization transition1,2,9. 
Such disorder effects are found in a variety of physical systems10,11.

Wave propagation in quasiperiodic media is more complex3. 
These systems are ordered but non-periodic, and thus fall between 
periodic and randomly disordered systems. The physics of quasipe-
riodic systems is known to show unconventional phenomena such 
as a one-dimensional (1D) localization transition at a finite (quasi-)
disorder strength5,6,12, fractal eigenmodes7,8 and critical behaviour3,6. 
Among the variety of quasiperiodic models, two canonical examples 
are the Aubry–André (AA)5,6 and Fibonacci models7,8, which are 
currently drawing much attention, in particular, in the context of 
many-body localization13–17. The quasiperiodicity of the AA model 
enters in the form of an on-site cosine modulation incommensurate 
with the underlying periodic lattice spacing, whereas the Fibonacci 

model has a modulation with two discrete values that appear inter-
changeably according to the Fibonacci sequence. Interestingly, the 
AA and Fibonacci modulations have very different localization 
properties. Specifically, the AA model shows a unique self-dual 
localization transition5,6, whereas the Fibonacci model always has 
critical wavefunctions7,8. Recently, it has been shown that these two 
paradigmatic models belong to the same topological class and can 
be viewed as two limits of an interpolating Aubry–André–Fibonacci 
(IAAF) model4,18,19. The IAAF model has been useful for the descrip-
tion of the topological properties of Fibonacci chains4,18,20 and for 
generating topological pumps19,21. The IAAF model also provides 
a unique playground to explore how criticality develops during a 
smooth interpolation between the AA and Fibonacci models.

In this work, we investigate, both theoretically and experimen-
tally, the localization phase diagram of the IAAF model. We show 
that, along the continuous deformation of the AA into a Fibonacci 
model, eigenmodes undergo a cascade of band-selective localiza-
tion/delocalization transitions. We report an experimental observa-
tion of one of these transitions using polaritonic 1D wires, which 
are particularly suitable for direct imaging of the modes both in 
real and reciprocal space in complex potential landscapes. With our 
combined theoretical and experimental analysis, we identify the 
mechanism behind the cascade of localization/delocalization tran-
sitions, which involves hybridization of localized modes that thus 
gradually extend to become critical in the limit of the Fibonacci 
model. Interestingly, the cascade to criticality appears in quantized 
plateaux that gradually increase the eigenmode localization length.

The IAAF model4,18,19 is a 1D tight-binding chain with a quasipe-
riodic on-site potential modulation

Hψ j ¼ tðψ jþ1 þ ψ j�1Þ þ λVjðβÞψ j ð1Þ

where ψj is the wavefunction at site j, t is the nearest-neighbour 
hopping amplitude and λ is the amplitude of the on-site potential 
modulation. The on-site potential (Fig. 1a) is defined as

VjðβÞ ¼ � tanh βðcosð2πbjþ ϕÞ � cosðπbÞÞ½ 
tanhβ

ð2Þ

with the spatial modulation frequency taken as the inverse of the 
golden mean, b ¼ 2=ð

ffiffiffi
5

p
þ 1Þ

I
. In Fig. 1a, we show that the continu-

ous function, out of which the discrete values of Vj(β) are sampled, 
becomes steeper with increasing β. As a result, the range of pos-
sible values for Vj shrinks and converges to the two values of the 
Fibonacci limit. Because the frequency b is irrational, the potential 
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is incommensurate with the underlying lattice and the model is qua-
siperiodic. Parameter ϕ acts as a global spatial shift of the potential 
and, although crucial for many effects, such as topological pump-
ing19–21, it does not affect the localization properties. The tunable 
parameter β provides a knob by which to interpolate between two 
known limiting cases: (1) β → 0 reduces to the AA modulation5,22, 
up to a constant energy shift VAA

j ðβÞ ¼ cosð2πbjþ ϕÞ � cosðπbÞ
I

;  
(2) β → ∞ corresponds to a step potential switching between ±1 val-
ues according to the Fibonacci sequence7,8.

Unlike Anderson localization under on-site disorder1, the local-
ization transition for the AA model (β = 0) occurs for all eigen-
modes at the same non-zero critical point5,6 (see x axis of Fig. 1b). 
The critical point can be obtained using a self-duality argument5,6: 
for λ/t < 2, all modes are extended, for λ/t > 2 they are localized, and 
at the critical point λ/t = 2, all the modes are critical and self-similar 
with a power-law spatial decay (Fig. 1b). In the limit of β → ∞, all 
the eigenmodes of the Fibonacci model are critical for any finite 
λ/t > 0 (refs. 7,8). The main goal of this work is to explore the IAAF 
localization phase diagram and understand how AA modes con-
tinuously develop into critical Fibonacci modes. Note that previous 
studies of deformations of a cosine potential into a step function 
observed the appearance of band edges but did not reach the criti-
cal Fibonacci model23. Crucially, the IAAF (equation (2)) contains a 
constant energy shift, cos(πb), that guarantees the correct Fibonacci 
limit (β → ∞). Accordingly, our IAAF model allows us to explore 
the emergence of criticality.

We first develop an intuitive picture of what we expect to observe: 
as β increases, the sampled function becomes steeper (Fig. 1a) and 
effectively should lead to stronger localization (that is, the region 
where the modes are extended shrinks) (Fig. 1b). More precisely, 
we theoretically investigate the transition to criticality by comput-
ing the eigenmodes of equation (1) and systematically analysing the 

inverse participation ratio (IPR) of each eigenstate ψn as a measure 
of its localization:

IPRn 
PL

j¼1 ψn;j



4

PL
j¼1 ψn;j



2 ð3Þ

where the sums run over length L of the chain. In the regime where 
the nth eigenmode ψn is extended, the IPR is equal to the inverse of 
the system length (IPRn = 1/L) and drops to 0 for an infinite system. 
Conversely, for modes localized on N sites, the IPR is equal to 1/N 
and remains finite for infinite system size.

In Fig. 1c–e, we summarize the IPR values obtained within the 
tight-binding analysis. Let us start with Fig. 1d, which illustrates 
the spectral dependence of the IPR for β = 0. The AA localization 
transition, occurring simultaneously for all eigenmodes at λ/t = 2, 
is clearly seen. Figure 1c shows the IPR of the lowest-energy eigen-
mode as a function of IAAF parameters λ/t and β. The IPR does not 
evolve monotonously with β but presents a cascade of lobes of higher 
IPR values (red regions, Fig. 1c) separated by minima of IPR (blue 
regions, Fig. 1c). Similar lobe structures occur for all eigenmodes 
(Supplementary Section III). At low λ/t, when increasing β, the 
region where all eigenmodes are extended decreases (green dashed 
line in Fig. 1c and Supplementary Section I). We now focus on the 
cascade to criticality for λ/t = 5.5, that is, starting from the strongly 
localized AA and continuously evolving toward the Fibonacci limit. 
As summarized in Fig. 1e, we observe that the lowest set of eigen-
modes squeeze into a narrow spectral window, hybridize due to the 
finite hopping strength t, and delocalize at β ≈ 1.5. We analytically 
obtain the position of the delocalization transition (Supplementary 
Section II), where, using Thouless’s formula24, we derive the con-
dition for a diverging localization length for the lowest-energy  
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Fig. 1 | IAAF modulation and theoretical localization phase diagram. a, Evaluation of the spatial on-site potential (equation (2)) for several values of β.  
The two limiting cases are the AA modulation for β = 0 (black line) and the Fibonacci modulation for β = ∞ (orange line). The pair of states circled in 
red are nearest neighbours in space and are close in energy such that they hybridize with a finite hopping strength. b, Left: localization phase diagram 
explored in this Letter. At β = 0, the AA localization transition occurs at λ/t = 2, while for β = ∞ the eigenmodes are always critical. The dashed green line 
(also shown in c) marks the decrease in the extended region obtained using a generalized self-duality argument (Supplementary Section I). Right: typical 
spatial distribution for extended (i), critical (ii) and localized (iii) modes. c, Inverse participation ratio (IPR) (equation (3)) of the lowest eigenmode of 
the tight-binding model (equation (1)) as a function of β and λ. Red arrows mark β and λ values corresponding to d and e, respectively. The dash-dotted 
green line marks the analytically obtained transition line for the lowest-energy state (Supplementary Section II). d, The IPR of all eigenmodes of equation 
(1) as a function of energy and λ/t for β = 0 (that is, in the AA limit). The dashed green line marks the critical point at λ/t = 2. e, The IPR of all eigenmodes 
of equation (1) as a function of energy and β for λ/t = 5.5. At β ≈ 1.5, the lowest-energy set of eigenmodes become extended (dashed oval). In c–e we 
evaluated the IPR on a chain with L = 610 sites.
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eigenmode (dash-dotted line in Fig. 1c). By further increasing β, the 
modes localize once more with a smaller IPR. This process repeats  
at each minimum of the IPR (Fig. 1c). Furthermore, different  
bands exhibit this cascade at different values of β (Supplementary 
Section III). We conclude that the transition to criticality does not  
happen uniformly, but instead occurs through successive localization– 
delocalization transitions.

To observe experimentally these localization–delocalization 
transitions, we engineered cavity-polariton samples. This photonic 
platform has been used recently for the exploration of Fibonacci 
chains, whereby log-periodic oscillations of the density of states 
and a measure of topological invariants could be revealed by optical 
spectroscopy25,26. The quasiperiodic potential can be treated as a per-
turbation to the motion of free polaritons, namely, the Hamiltonian 
of this system can be written as a continuum model:

HψðxÞ ¼ � ℏ2

2m
∇2 þ λeffVðx; βÞ

� �
ψðxÞ ð4Þ

where m is the polariton mass. The discrete modulation Vj(β), 
given by equation (2), is implemented with a piecewise 1D poten-
tial Vðx; βÞ ¼ V x=ab cðβÞ

I
, with steps of length a. In Fig. 2a–c, we 

report the calculated IPR values obtained within the continuum 
IAAF model (equation (4)) (Supplementary Section V). For β = 0 
(Fig. 2b), we observe signatures of the AA localization as a function 
of λeff. Note that, in contrast to the tight-binding model, the local-
ization does not occur simultaneously for all modes, and mobility 
edges appear in the spectrum27–30. For the lowest band, the localiza-
tion transition occurs at λeff ≈ 1 meV, at approximately twice the rel-
evant kinetic energy scale in the band (Supplementary Section VI).  
Importantly, as reported in Fig. 2a,c, the continuum model also 
exhibits the lobes of localization–delocalization transitions. Thus 
either of the two frameworks can be used for experiments.

We fabricated laterally modulated photonic wires based on 
polariton semiconductor microcavities. The sample was grown 

by molecular beam expitaxy to form a quantum well inserted 
between two high-reflectivity Bragg mirrors along the z direction 
(see Methods for further details). We processed the cavity sample 
into quasi-1D microstructures using electron-beam lithography 
and dry etching. The photonic modes (also called polaritons)  
form 1D-subbands with a distinct transverse spatial distribu-
tion (Fig. 2d). The lowest-energy subband (n = 1) presents modes 
with a maximum at the middle of the wire, while the n = 2 sub-
band shows modes with intensity maxima left and right of the 
wire centre (Supplementary Section VII). For a given transverse 
mode n, the lateral confinement energy for polaritons is given by 
UðwÞ ¼ ðℏ2π2Þ=ð2mÞ ´ n2=w2

I
(ref. 25), where w is the width of the 

wire. To implement the piecewise potential of the IAAF model 
(equation (4)), we consider etched sections (dubbed letters) of fixed 
length a = 2 μm and choose discrete values wj of their width so that 
UðwjÞ ¼ U0 þ λnVjðβÞ
I

, where U0 is a global offset determined by 
U(max(wj)). The scanning electron microscopy images in Fig. 2d 
show polariton structures implementing four values of β (top views 
are schematically represented in Fig. 2e, left). The corresponding 
potentials (Fig. 2d, right) present steps that progressively evolve 
into the two-valued Fibonacci sequence. Interestingly, due to the 
proportionality of U(w) with n2, the modulation amplitude λn for 
higher-energy subbands is increased by a factor n2 with respect to 
the n = 1 subband. It is thus possible to access larger values of λeff = 
n2λ1 when considering higher-energy subbands.

To explore the localization properties of polariton modes in these 
IAAF chains, we optically excite single wires cooled to 4 K using a 
weak non-resonant continuous-wave laser. The excitation spot is 
elongated along the wires and we analyse the spectrally resolved 
photoluminescence (PL) signal either in real or in momentum space 
(see Methods for further details). In Fig. 2f,g, we show an example 
of such measurements for β = 0 and λ1 = 0.2 meV. Polariton sub-
bands corresponding to n = 1 and n = 2 are clearly resolved. The lat-
eral modulation results in the opening of minigaps, which are four 
times larger for the n = 2 than for the n = 1 subbands, as expected. 
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In the depicted example, all the polariton modes are extended in 
real space (Fig. 2g), indicating that this particular wire implements 
a metallic phase for the AA model.

Let us now discuss polariton localization properties when 
increasing the value of β. In Fig. 3a–d, we present PL measurements 
in real and reciprocal space for four values of β and constant λeff. For 
clarity, these figures only show the n = 2 subband that experiences 
λ2 = 2.4 meV. For β = 0 (Fig. 3d), we observe localized emission spots 
in real space that are dispersed in energy. Accordingly, the emis-
sion is very broad in k-space. These features are characteristic of the 
AA localized phase. When β increases, we observe the merging of 
lowest-energy emission spots within a narrow spectral window. For 
β = 1, the k-space image reveals the formation of a band with a finite 
curvature (Supplementary Section VIII). This clearly indicates the 
formation of extended modes. By further increasing β, the polariton 
modes are localized once more. Thus, these measurements provide 
evidence for the first delocalization–localization transition when 
deforming the AA model into the Fibonacci chain. Every detail of the 
measured spatial patterns shown in Fig. 3a(ii)–d(ii) is reproduced 
by the continuum model simulations (Supplementary Section IX).  
Similar PL measurements were performed on different wires with 
various values of β and λeff. To quantify the polariton localization 
and obtain the phase diagram, we extract, from the measurements 
in k-space, the full-width at half-maximum (FWHM) Δk of the 
lowest-energy modes in the considered subband. Extended modes 
have lower Δk than localized ones. Figure 3e summarizes all the 
measured Δk values, clearly tracing the first delocalization lobe in 
the phase diagram, in agreement with theoretical predictions (Figs. 
1c and 2a). In Supplementary Fig. 9 we show simulations of the 
polariton modes, both in real and reciprocal space, for higher val-
ues of β. The second delocalization transition is observed around 
β = 10. Such values of β were not present in the available sample. 
Nevertheless, simulations indicate the feasibility of experimentally 
observing the delocalization lobes at higher values of β.

Finally, we provide a physical understanding of the cascade of 
localization transitions discovered in the IAAF model. Careful 
analysis of the real-space PL images (Fig. 3a(ii)–d(ii)) reveals  
a key mechanism in the transition to criticality. In the AA limit 

(Fig. 3d(ii)), we can see that all the lowest-energy modes are local-
ized within one letter (for example, the downward-pointing arrow). 
Additionally, some modes, at higher energies, are localized on two 
sites corresponding to a two-letter potential minimum (for example, 
the upward-pointing arrow). These modes can be viewed as a bond-
ing hybridization of two single-letter modes and are easily identi-
fied by the presence of a high-energy anti-bonding mode at the 
same spatial location. When increasing β, the potential of the two 
letters goes down towards the minimum of the Fibonacci potential 
and thus these two-letter bonding modes decrease in energy. They 
become resonant with the single-letter modes at the delocalization 
transition and then become the new lowest-energy state for larger β 
(arrows in Fig. 3a(ii)–d(ii)). Similarly, when considering the polari-
ton modes across the second delocalization transition (see simula-
tions in Supplementary Fig. 9), we see that the lowest-energy states 
evolve from two-letter to four-letter modes.

This spatial feature can be fully understood within the 
tight-binding approach. Starting at β = 0 (AA limit) and high λ, 
the spatial localization length of eigenmodes is known analytically 
to be ξ ¼ ðlogλ=2tÞ�1

I
(refs. 5,6). Thus, for t → 0, all eigenmodes are 

expected to be localized on a single site. Nevertheless, the golden 
mean quasiperiodic modulation guarantees that pairs of modes 
always exist that are spatially nearest neighbours and close in energy 
(modes marked with a red dashed oval in Fig. 1a and nearly iden-
tical neighbouring two-letter potentials in Fig. 3a(ii)–d(ii)). These 
neighbouring modes hybridize with any finite hopping strength t,  
and are tuned with β to eventually overtake the role of the 
lowest-energy eigenmodes (Figs. 1c and 4, Supplementary Section 
IV and Supplementary Video 1). As a result the IPR is expected to 
be reduced by a factor of two across the transition.

Crucially, the mechanism of delocalization followed by relocal-
ization repeats itself by further increasing β → ∞. As seen in Fig. 4a, 
the IPR for both tight-binding (equation (1)) and continuum (equa-
tion (4)) models displays a series of plateaux whose heights decrease 
in a stepwise fashion. The former model exhibits steps that decrease 
by a factor of two every time a delocalization transition occurs. 
The latter shows deviations from this quantization due to the spa-
tial extent of the continuum wavefunctions within a single letter  
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(see description of the continuum model IPR in Supplementary 
Section V). The spatial distribution of the localized eigenmodes on 
different plateaux is reported in Fig. 4b. We thus reveal that the tran-
sition to criticality at β = ∞, where the eigenmodes are self-similar, 
develops in the IAAF through a unique iterative process of eigen-
modes hybridization that doubles the spatial extent of the eigen-
modes (Supplementary Video 2).

To conclude, our work reports a new mechanism of the local-
ization of waves in paradigmatic quasiperiodic models. These 
controlled band-selective localization–delocalization transitions 
provide a tunable knob by which to engineer selective bandpass 
filters. This approach opens up a new frontier where generaliza-
tions of the mechanism to other models, with different modulation 
frequencies and interpolations, can be addressed. Furthermore, the 
polaritonic platform uniquely promotes the study of quasiperiodic 
physics under the influence of non-Hermiticity and of nonlineari-
ties on wave localization.
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Fig. 4 | Spatial evolution with β of the lowest-energy eigenstate. a, The IPR 
(see equation (3) and its continuum version in Supplementary Section V) 
of the lowest-energy eigenmode as a function of β, calculated for λ/t = 5.5 
(solid blue line) with the tight-binding model (equation (1)) and for 
λeff = 2.4 meV (dashed orange line) in the continuum model (equation (4)).  
The plateaux correspond to the localized regions of the phase diagram 
in Fig. 1c. b, Spatial profile of the lowest-energy eigenmode of the 
tight-binding model for λ/t = 5.5 and β = {0.01, 5, 15, 1,000} (i, ii, iii, iv), 
respectively.
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Methods
Sample description. The quasiperiodic structures used in this work were etched 
out of a planar semiconductor microcavity with high quality factor (Q ≈ 75,000), 
grown by molecular beam epitaxy. The microcavity consisted of a λ GaAs layer 
embedded between two Ga0.9Al0.1As/Ga0.05Al0.95As DBRs with 36 (top) and 40 
(bottom) pairs. A single 8 nm In0.05Ga0.95As QW was inserted at the centre of the 
cavity, resulting in strong exciton–photon coupling, with an associated 3.5 meV 
Rabi splitting. After epitaxy, the sample was processed with electron-beam 
lithography and dry etching to form 1D wires with modulated width. The 
modulation consisted of sections of fixed length a = 2 μm and different width wj,  
designed to implement the IAAF potential U(wj), with chosen (λ1, β). The 
maximum section width was fixed to 4 μm, corresponding to the minimum of the 
effective 1D potential.

The exciton–photon detuning, defined as the energy difference between the 
uncoupled planar cavity mode and the exciton resonance, was of the order of 
δ = −20 meV for all experiments.

Experimental technique. Non-resonant photoluminescence measurements were 
realized with a single-mode continuous-wave laser at 780 nm. The elongated 
spot was engineered using a cylindrical lens. Emission was collected through 
a microscope objective with NA = 0.5 and imaged on the entrance slit of a 
spectrometer coupled to a charge-coupled device camera with a spectral resolution 
of ~30 μeV. Real- and momentum-space photoluminescence images were realized 
by imaging the sample surface and the Fourier plane of the objective, respectively. 
A polarizer was used to select emission polarized either along or across the long 
axis of the chains. The sample was cooled to T = 4 K.

Data availability
Source data are available for this paper. All other data that support the plots within 
this paper and other findings of this study are available from the corresponding 
author upon reasonable request.
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