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Foreword

This document presents a summary of the main research results in which I have been involved
in the past few years in the field of topological photonics. This research is the outcome of a
collective endeavour. It starts in 2012-2013 at Laboratoire de Photonique et Nanostructures
(LPN) where I was a CNRS researcher working in close collaboration with Jacqueline Bloch.
Joining her group in 2010 was a turning point in my career as it allowed me to get involved
into the design and study of artificial photonic lattices. I arrived at the LPN at a sweet
moment because Jacqueline Bloch in collaboration with Aristide Lemaître and Isabelle
Sagnes had just developed a new technology capable of laterally etching semiconductor
microcavities while preserving the optical properties. This breakthrough was the result of
years of technological development on e-beam, etching and passivation optimisation. It
opened fabulous possibilities in the design of one- and two-dimensional lattices, bringing
polaritons to the realm of quantum emulation. Hand in the hand with Jacqueline, we
jumped into the very exciting adventure of exploring the physics of polariton lattices with an
unprecedented quality.

The development and study of polariton lattices was the main subject of the ERC Starting
grant I was awarded in 2013. We first worked on the fabrication of polariton molecules of
few sites and on one-dimensional lattices. We studied polariton condensation in flat bands,
Fibonacci quasi-crystals and nonlinear polariton devices based on one-dimensional structures.
In 2014 we fabricated a two-dimensional honeycomb lattice of coupled micropillars. This
was a milestone for us because it was the first two-dimensional lattice ever fabricated
via microcavity etching and it required some modifications of the technological processes
employed so far. We went into the study of these lattices inspired by the remarkable transport
properties of graphene.
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At about the same time, the first works on photonic lattices with topological properties
were published by the groups of Mohammad Hafezi and Mordechai Segev. We were
fascinated by how concepts issued from topology enabled new ways of manipulating light in
lattices. From a fundamental point of view, topology was bringing a new perspective to the
analysis of the properties of a system based on symmetries. I had the chance to participate in
the summer program on "‘Synthetic Gauge Fields for Atoms and Photons" in Trento in 2013
and in the OSA incubator meeting "‘Topological Order with Photons" in Washington DC in
2014 in which the first generation of topological photonic effects were presented.
Inspired by the first results in the communities of atomic and photonic lattices we quickly
focused on the the study of topological properties of honeycomb lattices. Our work was
pioneering in the observation of topological properties in orbital bands and in the engineering
of unconventional Dirac cones for photons. The development of those concepts led us
to the study of the topology of quasi-periodic lattices, to the implementation of artificial
magnetism for polaritons and to the demonstration of the first laser in a topological edge
state. The use of polaritons in the context of topological photonics opens very exciting
perspectives thanks to the possibility of operating the system in the nonlinear regime, in
which topological properties are expected to present quite exotic phenomena. This is a very
active research direction today in our group and the main subject of the ERC Consolidator
grant "‘EmergenTopo"’ that is running since June 2020.
In 2017, family reasons led me to move to the Laboratoire de Physique des Lasers,
Atomes et Molécules (PhLAM) at the University of Lille, where I continue the very fruitful
collaboration with Jacqueline Bloch and Sylvain Ravets, who joined her group also that year.
The arrival at PhLAM was an extraordinary opportunity to learn new topics and initiate new
collaborations. During my first four years at PhLAM I have established solid collaborations
with colleagues with expertise in fields as diverse as nonlinear optics, ultrafast dynamics,
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fibre systems and TeraHertz photonics. With Pierre Suret, we are implementing a new set-up
for the ultrafast measurement of the polariton field in a single shot. This technique will
allow us to measure the stochastic hydrodynamics of the polariton flow. With Stéphane
Randoux, we have set-up a coupled fibre ring experiment that allows simulating FloquetBloch Hamiltonians acting on light pulses. We expect unveiling novel topological phases
based on the periodic time modulation of the system. With Pascal Szriftgiser from PhLAM
and Gaëtan Levecque, Yan Pennec, Marc Faucher and Guillaume Ducournau from IEMN we
are working on the implementation of topological photonic crystals in the TeraHertz domain.
All these research directions anticipate very exciting results in the upcoming years.
Addressing the wide variety of topics we have studied experimentally in the past few
years, which go well beyond topological photonics, has been only possible thanks to very
fruitful collaborations with a large number of theoreticians from many different countries. For
all they taught to us, I would like to thank Eric Akkermans, Natalia Berloff, Iacopo Carusotto,
Cristiano Ciuti, Alexandre Dauphin, Pierre Delplace, Alexey Kavokin, Anatoly Kamchatnov,
Tim Liew, Guillaume Malpuech, Pietro Massignan, Gilles Montambaux, Tomoki Ozawa,
Nicolas Pavloff, Simon Pigeon, Grazia Salerno, Sebastian Schmidt, Dimitry D. Solnyshkov,
Gonzalo Usaj, Hakan Türeci, Michiel Wouters and Oded Zilberberg.
Among all these collaborators, I would like to mention two groups that have had a
particularly strong influence in my work. Guillaume Malpuech and Dimitry D. Solnyshkov
have been key actors in the understanding of polariton physics for the past two decades,
particularly in the area of spin-orbit coupling in microcavities. They have produced some
of the most original and imaginative ideas in the field, including the first prediction of
a Chern insulator in a polariton lattice under a magnetic field. Their work has shown
the tremendous potentialities of microcavity polaritons to explore remarkable lasing and
nonlinear phenomena. I have had the great chance to collaborate with them since 2009. Going
beyond polaritons, Iacopo Carusotto has been a tremendous inspiration in the field of fluids
of light and topological photonics. Not only his discoveries and theoretical proposals have
been enlightening and stimulating to bring this field further than we could have imagined,
but also his methodology of work and his pedagogy when he discusses with experimentalists,
have been illuminating. I have had the chance to collaborate with him since 2008 when we
studied the superfluid behaviour of polaritons.
I would also like to highlight the many collaborations with other experimentalists: Ivan
Favero, Rupert Huber, J.-M. Ménard, Maxime Richard and Thomas Volz. In particular, I had
the chance to collaborate with Daniele Sanvitto at a time in which we were thrilled with the
observation of a variety of polariton hydrodynamic features. We had a lot of fun doing those
experiments both in Lecce and in Paris.
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Finally, I need to thank all the PhD students, post-docs, engineers, and other collaborators
that have taken part in the experimental work of the different groups in which I have worked
since 2008: Claire Adrados and Romain Hivet at the LKB, Dimitri Tanese, Lydie Ferrier,
Marco Abbarchi, Hai-Son Nguyen, Cris Sturm, Thibaut Jacqmin, Vera G. Sala, Peristera
Andreakou, Marijana Milicevic, Félix Marsaut, Florent Baboux, Said. R. K. Rodriguez,
Valentin Goblot, Philippe St-Jean, Nicola Carlon Zambon, Abdou Harouri and Luc Le Gratiet
at the LPN/C2N, Omar Jamadi, Bastián Real, Albert Adiyatullin, Corentin Lechevalier,
Cécilia Ouarkoub, Clément Évain, Clément Hainaut and Marc Le Parquier at PhLAM. They
have shaped our research and strongly contributed to build the concepts that inspire us to go
further.

Aim, structure and methodology of this document
The aim of this document is to present a summary of the main results we have obtained
in the area of topological photonics with polaritons and coupled fibre rings in the pas
few years. The first chapter introduces the subject and describes the main properties of
polaritons in semiconductor microcavities and the methodology to fabricate polariton lattices.
The subsequent chapters summarise brifely the main scientific results. The ordering of
the chapters does not follow a historical timeline. We have preferred to organise each
chapter according to the dimensionality of the explored system, which actually has strong
implications on the kind of accessible topological properties. Each chapter introduces the
specific sub-field and presents a summary of the main results obtained by our group. At
the end of each chapter we cite the main scientific articles from our group related to its
content. We first discuss the topological properties of single and few coupled micropillars in
the presence of polariton spin-orbit coupling (Chapter 2). Next, we address the topological
physics of one-dimensional polariton lattices (Chapter 3). Then we discuss our results in
two-dimensional polariton lattices (Chapter 4). The final chapter before the conclusions is
devoted to our recent achievements in a system of two coupled fibre rings, in which Floquet
topological physics can be studied (Chapter 5). Finally, we discuss future perspectives.

Alberto Amo García, July 2022

Chapter 1
Introduction
Topology studies the properties of a system that remain unchanged under smooth local
transformations. For instance, a loop in two dimensions can be described by the number
of crossings it has, irrespective of their exact position and the local curvature of the loop.
Similarly, the number of holes in a closed surface in three dimensions is conserved under
smooth transformations. In these two simple examples, the number of crossings in the loop
and the number of holes in the closed surface are integer numbers n that classify these
objects into different topological classes (n = 1, 2, 3, ...). The topological invariant n does not
change as long as a crossing or a hole are not created or destroyed in the loop and surface,
respectively.
These ideas, originally developed in the context of mathematics, appeared to be very
powerful to understand a new state of matter discovered experimentally in 1980: the quantum
Hall effect [1]. The quantum Hall effect is characterised by the formation of equidistant
flat bands, also known as Landau levels, in a two-dimensional electron gas under a strong
magnetic field. When the Fermi energy is tuned at a Landau level, the material presents
a significant longitudinal resistivity, and when it is tuned in-between the levels, it drops
to almost zero. Simultaneously, the Hall (transverse) conductance becomes quantised in
multiples of e2 /h, with e being the charge of the electron and h Planck’s constant. This value
of the conductance is independent of the length and shape of the semiconductor containing
the two-dimensional electron gas and it is preserved even in the presence of disorder and
impurities.
This surprising result was clarified in 1982 by D. J. Thouless, M. Kohmoto, M. P.
Nightingale and M. den Nijs. In a seminal paper [2] they established the connection between
the quantisation of the conductance in the quantum Hall regime in a square lattice and an
integral involving the electronic eigenfunctions over the whole Brillouin zone in momentum
space. The relevance of this result is that it showed that the quantised transport at the edges

6

Introduction

Figure 1.1: Table of prime nots with six crossings or fewer. From Wikipedia.

of the Hall bar is intimately related to the properties of the bulk of the system, and it is
independent of the exact shape of the edges. The result of the bulk integral for each Landau
band is an integer with properties very similar to those of a topological invariant. The
invariant in this context was called the Chern number, and the formal relation between its
value and the presence of edge states was demonstrated later by Y. Hatsugai and others [3, 4].
Those works triggered the curiosity of physicists working in the solid state community,
who addressed other related questions. For instance, D. Haldane showed that a net external
magnetic field is not needed to engineer topologically nontrivial bands and transport through
edge channels [5]. Breaking time-reversal symmetry in the proper way is enough. A different
effect was discovered by D. J. Thouless [6]. He showed that a quantised net current appears
in a solid with an electronic filled band whenever the system is subject to a periodic varying
potential. The magnitude of the transported charge is given Chern number of the filled band,
and the phenomenon was coined a Thouless pump.
The topological properties of the above mentioned systems are intimately related to the
breaking of time reversal symmetry, which sets the chirality of the one-way edge channels.
Because electrons in these chiral channels cannot backscatter, their transport properties are
very robust. In 2005 the family of topological materials was enlarged with a whole new class
of electronic systems subject to spin-orbit coupling [7–9]. Conducting edge channels appear
in the gap of the material with propagation in opposite directions for opposite spins. If timereversal symmetry is preserved (absence of magnetic impurities) the coupling between the
opposite spin channels is forbidden, and each spin class propagates without backscattering.
The topological invariant in this situation is of Z2 type and involves the two possible
electronic spins [10]. New topological materials and phases continue to be discovered. Some
examples include Floquet topological insulators in periodically driven systems [11–13], 3D
Weyl semimetals [14], high-order topological insulators [15], topology of non-Hermitian
systems [16], fragile topology [17], etc.
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Figure 1.2: Formation of states in the gap at the interface of two materials whose bands
possess different topological invariants.

1.1

Bulk-edge correspondence

As mentioned above, one of the most interesting properties of topological materials is the
appearance of conducting channels at the edges of the material. The connection between a
bulk topological invariant and the existence of those edge states has been formally studied in
several theoretical works for different types of topological invariants (for a few examples
see Refs. [3, 18, 4, 19, 13, 15]). The concept is schematically represented in Fig. 1.2. Let us
have two two-dimensional materials with two bands separated by a gap, and let us assume
that the gaps are centred at the same energy. The bands of each independent material are
characterised by a topological invariant. If the invariants of the bands of the two materials
are different, when pasting them together something special needs to happen at the interface.
To regularise the topological invariants across the interface, the gap needs to close at the
interface, such that when it opens again at the other side, the bulk bands have a different
invariant. Therefore, at the energy of the bulk gaps there appear states spatially localised
at the interface. Note that vacuum can be considered as a two band material with trivial
bands separated by a very large gap, characterised by null topological invariant in the most
typical definitions of invariants. Therefore, any single material with bands with topological
invariants different from zero will show states localised at its edges.
This qualitative description of the bulk-edge correspondence permits understanding why
the presence of edge transport channels is independent of the form of the interface: it depends
only on the topology of the bulk materials at each side of the interface.
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Figure 1.3: Examples of different photonic structures with topological properties. (a) Lattice
of coupled ring resonators in Si implemented by the group of M. Hafezi [20]. The imaginary
couplings around a plaquette emulate a gauge field resulting in directional edge transport
around corners and defects. (b) Sketch of a honeycomb lattice of twisted coupled waveguides
that implement the Haldane model for propagating photons, first realised by M. Reachtsman,
A. Szameit, M. Segev and coworkers [21]. (c) Topological laser at 1.5µm realised in a
photonic crystal with a gyromagnetic material, by the group of B. Kanté [22]. The upper
left inset displays the measured light emission, located at the edges between the trivial and
topological lattices. Chirality of the emission is demonstrated by the fact that the ouput
waveguide in the lower part of the photonic crystal shows emission mainly in the left region
(green arrow).

1.2

Topological photonics

The possibility of exploring topological physics with photonic systems was first noticed in
2005 by F.D.M. Haldane and S. Raghu [23] in one of the seminal works of the field1 . In that
work the authors noticed that "The edge states are a property of a one-particle eigenstate
problem similar to the Maxwell normal-mode problem, so they are replicated in the photonics
problem." Haldane and Raghu discussed, in particular, the possibility of engineering a Chern
insulator for photons in a lattice with broken time-reversal symmetry. Given that photonic
lattices were already available, the only remaining issue to implement their idea was to break
time reversal symmetry for photons. They suggested using magnetic materials whose index
of refraction is different for opposite circular polarisations of light under an external magnetic
field. This effect is extremely weak at visible or near infrared wavelengths, but it can be
significant in the microwave regime. The first experimental implementation was reported in
2009 by the group of Marin Soljacic using a two-dimensional lattice of YIG resonators in
the microwave regime under an external magnetic field, with the spectacular observation of
propagation with negligible back scattering even around corners [24].
1A

first version of the manuscript was posted on arXiv in 2005. The final paper was published in Phys. Rev.
Lett. in 2008.

1.3 Microcavity polaritons
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The field really took off in 2013 with the publications of Mohammad Hafezi an coworkers [20] and of Mikael Rechtsman and co-workers [21] in which they showed edge
transport in two dimensional lattices of coupled waveguides at telecom and visible wavelengths, respectively. More importantly, those works did not rely on the breaking of time
reversal symmetry to engineer the topological phases, which had been one of the main
obstacles to develop the field in the photonics realm.
Since then, photonic systems have proved to be very versatile in the implementation of
topological phases inspired from solid-state physics. Topological concepts can be very useful
to design photonic devices that largely outperform traditional designs. Research in photonic
systems has played a key role in understanding the symmetries behind the emergence of
topological effects [25], in the discovery of anomalous Floquet phases [12, 26, 27], and in
the first observations of Weyl points [14] and Fermi arcs [28] (see Refs. [29, 30] for detailed
reviews). It has inspired genuine photonic phenomena such as topological lasing [31, 22, 32–
36], the topology of PT symmetric non-Hermitian systems [37, 38], adiabatic pumping [39],
the study of the effects of quantum optics in topological landscapes [40, 41], topological
effect based on dissipative hoppings [42–44] and the direct measurement of the geometry
and topology of energy bands [45–50]. More recently, lattices of photonic waveguides have
allowed the observation of solitons and nonlinear effects in bands and gaps with non-trivial
Floquet topology [51–55]. Topological concepts have provided a very efficient route to
engineer transmission channels in photonic chips with very low losses [56, 20, 25], including
in the THz regime [34, 57].
Probably, the greatest assets of photonic systems to address topological phenomena are (i)
the possibility of engineering the photonic band structure in a very flexible way, in particular
in two-dimensional lattices; (ii) the direct measurement of the eigenstates of photonic bands
and the edge states in simple optical experiments; (iii) the use of active, dissipative and
nonlinear optical materials to explore novel topological phenomenology. Some of their
disadvantages are the relatively weak sensitivity of photons to external magnetic fields at
optical frequencies, which complicates the study of elaborate topological phases with broken
time-reversal symmetry, and the short photon lifetime of certain systems. The rather low
value of photon nonlinearities in most microstructured materials is also a challenge to study
topological superfluids and nonliear topological phase transitions.

1.3

Microcavity polaritons

Our main contribution to the field has been to bring these concepts to the field of microcavity
exciton-polaritons and to study the topological properties of various lattices. Microcavity
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polaritons are particularly suitable to study topological phases in photonics. The engineering
of lattices of coupled polariton micropillars enables the implementation of lattice Hamiltonians that are well-described by tight-binding models [58], which has been one of the
most popular conceptual frameworks to study and to understand topological phases of matter.
Simultaneously, the hybrid light-matter nature of polaritons makes them both sensitive to
magnetic fields and subject to interactions.
Microcavity polaritons are light-matter quasiparticles that arise from the strong coupling
between photons confined in a semiconductor planar microcavity and the excitonic excitations
of a material embedded in the microcavity [59]. A typical structure consists of a cavity spacer
of a few tens or hundreds of nanometers in thickness surrounded by an upper and a lower
Bragg mirror. The latter are made of λ /4 thick layers of two alternating dielectric materials
with different refraction indices (see Fig. 1.4(a)), where λ is the operating wavelength of the
cavity. The cavity spacer is usually designed for one of the lowest Fabry-Perot modes to be in
resonance with the exciton line of a semiconductor material embedded in the central region
of the spacer. Photons confined in the cavity excite an exciton (i.e. a bound electron-hole
pair), which eventually emits a photon that stays trapped in the microcavity long enough to be
re-absorbed, re-emitted, and so on. This regime is called "strong light-matter coupling" and
is no longer described by excitons and photons independently, but by hybrid quasi-particles
called cavity polaritons. The main signature of the light-matter coupling is the splitting of
the previously degenerate exciton and photon resonances into two bands called upper and
lower polariton branches.
Polaritons can be described as a combination of excitons and photons in the following
way: |pol⟩ = α |ph⟩ + β |exc⟩, where α and β are, respectively, the photon and exciton
fractions. Their properties are directly related to those of their constituents, and their relative
content can be tuned by designing the proper microcavity structure [59]. Thanks to their
photonic part, polaritons eventually escape out of the cavity in the form of photons, which
carry all the information on amplitude, phase, energy, polarization (spin) and coherence of
the intracavity photon field. This makes spectroscopy of polaritons in photoluminescence
experiments an ideal tool to characterise the polariton bands and modes. Actually, this
is one of the main assets of polaritons compared to other photonic systems, which are
typically restricted to a few observables. Moreover, the vertical confinement in the cavity
splits the photon modes into transverse electric (TE) and transverse magnetic (TM) linearly
polarized modes. The magnitude and polarisation orientation of the splitting depends on the
momentum of polaritons in the plane of the cavity [60] and can, thus, be formalised as a
spin-orbit coupling effect [61]. Chapter 2 will be devoted to this physics and its implication
in the engineering of chiral effects in polaritons. In addition, as we will see below, it is

1.4 Polariton lattices
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possible to fabricate one- and two-dimensional lattices by acting on the photonic part with
different techniques [58].
From the excitonic component, polaritons inherit a "matter" part that has two major
effects. First, since excitons are electronic excitations of the quantum wells, they possess a
real spin, which is sensitive to external magnetic fields via a Zeeman shift. Polariton modes at
visible wavelengths are therefore significantly more sensitive to magnetic fields than photons
in regular materials. This is crucial to implement topological phases with broken timereversal symmetry, like Chern insulators [62, 63, 33]. Second, Coulomb interactions between
excitons result in significant repulsive contact interactions between polaritons. In the weak
density limit, the interactions result in a χ (3) Kerr nonlinearity. Interestingly, interactions
are polarisation dependent [64–67], and can be used to engineer nonlinear Zeeman shifts
(see Refs. [68–70] and Chapter 2). Another crucial property is that polaritons demonstrate
bosonic stimulated scattering and gain. These nonlinearities are so significant that have
allowed the observation of optical parametric oscillation [71, 72], polariton Bose-Einstein
condensation and lasing [73, 74], superfluidity [75], Bogoliubov-like excitations [76, 77],
and dark [78–80] and bright solitons [81].
Different materials have been used to implement microcavity polaritons. Strong lightmatter coupling has been reported in microcavities based on AlGaAs [82], CdTe [83],
GaN [84], and ZnO [85, 86], in dielectric microcavities with embedded organic [87, 88] and
two-dimensional materials [89, 90] (MoS2 , MoSe2 , 2D Perovskites etc.), and combinations
of them [91–93], among others. Here we will exclusively use AlGaAs-based heterostuctures
grown by molecular beam epitaxy at the Center of Nanosciences and Nanotechnology in
Palaiseau (France). The reason is that this kind of heterostructure presents the highest
crystalline quality due to the almost perfect lattice match between the different alloys used to
fabricate the microcavity, and results in polariton lifetimes of tens to hundreds of picoseconds.
Quality factors above 300 000 have been reported by other groups [94].

1.4

Polariton lattices

As mentioned above, one of the main assets of microcavity polaritons to investigate topological phenomena is the possibility of engineering one- and two-dimensional lattices [58]. The
polariton platform that has been the most flexible in this aspect is represented by microcavities
based on AlGaAs semiconductors. By performing electron beam lithography and inductively
coupled plasma etching of the epitaxially grown microcavity down to the substrate, it is
possible to laterally confine photons and, therefore, polaritons, preserving a high enough
quality factor at low temperatures (5-10 K). This technique was first introduced by the group
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Figure 1.4: (a) Scanning electron microscope image of a series of individual AlGaAs-based
polariton micropillars of different diameter. (b) Measured photoluminescence spectrum of the
two lowest energy modes of a single micropillar. (c) Scanning electron microscope image of
two (overlapping) coupled micropillars. (d) Measured spectrum of the lowest modes of two
coupled micropillars of 4 µm of diameter and different centre-to-centre distances, showing
the emergence of bonding and anti-bonding modes whose energy separation increases with
decreasing interpillar distance. From [97]. (e) Scanning electron microscope image of a
polariton honeycomb lattice. (f) Measured spectrum in momentum space crossing the center
of the Brillouin zone. The two sets of bands corresponds to the coupling of s and p modes,
respectively.

of Manfred Bayer in microcavities in the weak coupling regime [95, 96]. The great leap
forward in the technology used by the Center of Nanosciences and Nanotechnologies has
been the development of passivation tools that prevent non-radiative recombination effects at
the edges of the microstructures. To circumvent this difficulty, other groups have developed
techniques such as metallic deposition on top of the upper Bragg mirror, partial etching of
the upper mirror, partial mesa etching during the cavity growth, the use of open cavities with
microstructured mirrors, acoustic lattices, nonlinear optical potentials and others. A detailed
review of these techniques is available in Ref. [58].
A convenient building block to fabricate lattices is the semiconductor micropillar shown
in Fig. 1.4(a). In this microstructure, photons are confined in the vertical direction by the
Bragg mirrors and in the horizontal plane by total internal reflection due to the high index
of refraction contrast between the semiconductor (n ∼ 3.5) and air or vacuum (n = 1). As
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polaritons are confined in the three dimensions of space, the spectrum of the micropillar
shows a series of discrete s, p, d, ... gapped energy levels, represented in Fig. 1.4(b).
The lithographic mask can be designed to implement two overlapping micropillars, as
shown in Fig. 1.4(c). The narrow section between the micropillars acts as a photonic barrier
for the coupling of the polariton modes in the two different sites. For instance, if we assume
that the lowest energy modes (s) of the two individual micropillars have the same energy,
the coupled system will display bonding and antibonding modes, separated in energy by 2t,
as sketched in Fig. 1.4(d). Here, t is the coupling strength, and it can be finely tuned by
designing the appropriate center-to-center distance between micropillars [98, 97, 99].
The technique can be extended to fabricate one- and two-dimensional lattices with high
flexibility. One of the advantages of using micropillars as a building block is that in the weak
hopping limit, the polariton field dynamics ψn at each site in a lattice can be described with a
Schrödinger-type equation using a tight-binding approach:
ih̄

h̄
∂ ψn
= εn ψn + ∑ tn,m ψm − i ψn + source term.
∂t
τ
m̸=n

(1.1)

Here we consider a single mode of the micropillars (for instance the s mode) with onsite
energy εn , which is controlled by the predesigned diameter of the pillars. The nearestneighbour hopping tn,m can be engineered by tuning the centre-to-centre distance between
pillars [100]. The photon losses are captured by τ, and the source term describes the
excitation via an external laser source, which can take different forms depending on the
resonant or non-resonant excitation configuration [59].
An example of a two-dimensional honeycomb lattice is shown in Fig. 1.4(e). The
polariton bands can be measured in photoluminescence experiments, in which a non-resonant
laser focused in the middle of the lattice excites electrons and holes in the quantum well.
They relax down and form polaritons that populate the polariton bands. The real-space and
angle-resolved detection of the emitted photons using a spectrometer and a CCD camera give
access to the real- and momentum-space distributions of polaritons in the lattice. Figure 1.4(f)
shows the lowest polariton bands of a lattice similar to that displayed in Fig. 1.4(e). The s
bands exhibit Dirac crossings similar to those of electrons in graphene, while the upper p
bands present a more elaborate structure [101].
A lower bound for the magnitude of the hoppings that needs to be engineered in a
typical lattice is given by the polariton linewidth: to experimentally resolve the bands, the
bandwidth –proportional to the hopping amplitude t– needs to be larger than the linewidth.
This constraint actually places most polariton experiments out of the strict tight-binding limit
of weak hopping. This can be readily seen in the asymmetry between the upper and lower
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bands of both the s and p sets of bands shown in Fig. 1.4(f). Accounting for this asymmetry
in a tight-binding model requires the addition of interband couplings, that is, the coupling of
s and p modes (and of p and d modes, etc.) in adjacent micropillars, which can be effectively
modelled as a next-nearest neighbour correction [100]. This deviation from a single mode
per site has not prevented the study of a large number of topological effects in polariton
lattices, well described by tight-binding Hamiltonians.
With this ingredients we can now address specific examples of topological phenomena
we have studied in polariton lattices. Let us mention that a very complete review on the study
of topological photonics with microcavity polaritons has been recently published [102]. That
review, of which I am one of the leading authors, covers the work of most of the groups
working in this field, and it has inspired part of this introductory chapter.

Relevant publications
[30] T. Ozawa, H. M Price, A. Amo, N. Goldman, M. Hafezi, L. Lu, M. C Rechtsman,
D. Schuster, J. Simon, O. Zilberberg, and I. Carusotto. Topological photonics, Rev. Mod.
Phys. 91, 15006 (2019).
[102] D. D. Solnyshkov, G. Malpuech, P. St-Jean, S. Ravets, J. Bloch, and A. Amo. Microcavity polaritons for topological photonics, Opt. Mater. Express 11, 1119 (2021).

Chapter 2
Spin-orbit coupling in polariton
molecules
The first studies in our group connected to topology involved the investigation of chiral
modes in photonic molecules made of few coupled micropillars. These chiral modes arise
from the coupling between the polarisation of light and the photon momentum in confined
geometries.This coupling naturally appears in dielectric heterostructure due to the spatial
inhomogeneities of the index of refraction [103]. In a planar microcavity, the index of
refraction changes abruptly at the interface between the different materials that compose
the heterostructure (Bragg mirrors, cavity spacer). As a result, the photon eigenmodes
present transverse electric (TE) and transverse magnetic (TM) polarisations. The first
corresponds to linear polarisation in the direction perpendicular to the propagation direction
of photons within the plane of the microcavity, and the second to linear polarisation parallel
to the propagation direction. In general, these TE and TM polarisation modes are split in
energy everywhere in the two-dimensional momentum space except at kin−plane = 0 (normal
incidence), where there is no distinction between the TE and TM geometries [60, 66, 61].
Figure 2.1(a) shows a scheme of the polariton dispersion of a planar microcavity made out
of semiconductor Bragg mirrors. The TE and TM linearly polarised eigenmodes are clearly
visible, with a splitting that increases from k = 0 for low k. The splitting is strongly reduced
for the lower polariton branch at large values of k, for which polaritons are mostly excitonic.
The reason is that in GaAs-based materials, the exciton longitudinal-transverse splitting is
usually much smaller than the photonic TE-TM splitting. The value of the splitting does not
only depend on |k| but also on the design of the microcavity structure. Indeed, by modifying
the thickness of the dielectric layers in the Bragg mirrors with respect to that of the cavity
spacer, the TE-TM splitting can be made positive, negative or approximately zero [60].
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Figure 2.1: (a) Computed polariton dispersion of a planar microcavity as a function of kx for
ky = 0 including the TE-TM linear polarisation splitting. (b) Measured degree of circular
polarisation σz of a polariton condensate expanding from an injection area marked by a circle
at (x, y) = (0, 0). The condensate is formed under non resonant excitation with a linearly
polarised laser. Due to interactions with the reservoir, the condensate energy is 2 meV above
the bottom of the lower polariton band. At the excitation point the condensate is linearly
polarised. The polarisation precesses when propagating due to the presence of the TE-TM
splitting, resulting in "waves" of circular polarisation. (c) Scheme of the effect of TE-TM
splitting on a polariton molecule: the effective hopping is different for linear polarisations
parallel (green arrows) and perpendicular (red arrows) to the link between the pillars.
Because the absolute direction of the TE-TM modes is determined by the propagation
direction, the polarisation eigenmodes depend on k. This can be seen as a form of spinorbit coupling (SOC), a concept first introduced by the group of Alexey Kavokin and
Guillaume Malpuech in 2004 [66, 61]. Its main consequence for the ballistic coherent
propagation of polaritons is the precession of the polariton pseudospin (i.e., the polarisation)
in a phenomenon known as optical spin Hall effect [61, 104, 105, 104, 106, 107]. An
example produced in our laboratory in a GaAs planar microcavity is shown in Fig. 2.1(b).
The nonresonant excitation injects a linearly polarised polariton condensate in a small region
of about 10 µm. Due to interactions between the condensate and the exciton reservoir, the
condensate forms at an energy a few meV above the bottom of the lower polariton branch
(arrow in Fig. 2.1(a)), accelerating the polariton gas in a radial expansion out of the excitation
point. The TE-TM splitting results in the precession of the polarisation of polaritons as they
propagate, giving rise to polarisation "waves". A similar polarisation precession was reported
by other groups in Refs. [105, 104, 107, 68].
In 2013 we started studying the effect of the TE-TM splitting on polaritonic molecules
made of coupled polariton micropillars. Particularly, in Ref. [108] we considered a closed
hexagonal molecule (see Fig. 2.2(a)). One of the main advancements of this work was to
introduce the description of the TE-TM splitting in a tight binding formalism. The main idea

17
is sketched in Fig. 2.1(c) for two coupled micropillars. The strength of the hopping of photons
between adjacent pillars is different for modes polarised along (t par ) and perpendicular (t perp )
to the link between pillars. A phenomenological way of understanding the origin of this
difference is to consider the different effective mass of TE and TM modes near the bottom of
the polariton band in the planar cavity from which molecules are fabricated (see Fig.2.1)(a).
This description we first introduced has been very successful in predicting the polarisation
properties of polariton lattices [62, 109–113, 33, 114].
The spin-orbit coupling we have just discussed results in a very rich fine structure
spectrum in a hexagonal molecule of coupled micropillars. The system is shown in Fig. 2.2(a).
The lowest energy mode of each micropillar has cylindrical (s) symmetry, similarly to the
pz electronic orbitals of the carbon atoms in a benzene molecule. If we disregard for the
moment the polarisation degree of freedom, the coupling of the s modes results in four
energy levels (see Fig. 2.2(b)). Due to the C6 symmetry of the structure, the eigenfunctions
have a well defined angular momentum ℓ = 0, ±1, ±2, 3 and can be written in the form:
√
|ℓ⟩ = 1/ 6 ∑m ei2πℓm/6 |sm ⟩, where |sm ⟩ is the s mode of each individual pillar. This means
that the eigenmodes can be decomposed into spatial vortices in which the phase of the
molecular mode when going around the molecule changes by 2πℓ.
When the spin-orbit coupling is taken into account, the number of eignemodes is doubled.
The ℓ = 0 and ℓ = 3 levels are now doubly degenerate in polarisation, but the ℓ = ±1 and
ℓ = ±2 present a peculiar fine structure, schematically shown in Fig. 2.2(c)-(d). If we focus
on the ℓ = ±1 manyfold, we see that the lowermost (ψ1 ) and uppermost (ψ4 ) levels are linear
combinations of states |−1, σ+ ⟩ and |+1, σ− ⟩ orbital modes, in which the first index is the
value of ℓ and the second is the circular polarisation mode. The lowest state (ψ1 ) presents an
azimuthal texture of linear polarisation when going around the molecule, while the uppermos
(ψ4 ) has a radial linear polarisation texture. Therefore, these modes do not have any net
vorticity. The two middle levels are the most interesting ones because each of them has an
orbital vortex coupled to a circular polarisation component. Excitation of one of the modes
would result in emission with a net chirality (i.e., net orbital angular momentum).
In a series of works [108, 115, 116] we have explored the lasing properties of the
hexagonal molecule. When pumping the system with an out of resonance laser excitation that
is linearly polarised, lasing gain favours the orbital mode with radial or azimuthal polarisation
patterns [108]. In particular, in the manifold |ℓ| = 1 the azimuthal mode ψ1 has the longest
lifetime and it is in which lasing is favoured (see Fig. 2.2(e)). At a different excitation power
it is possible to trigger lasing in the |ℓ| = 2 manifold, in this case in the radially polarised
mode.
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Figure 2.2: (a) Scanning electron microscope image of a hexagonal molecule of coupled
polariton micropillars. (b) Energy and angle resolved photoluminescence of the lowest
energy molecular modes and orbital scheme of the eigenmodes in the absence of spin-orbit
coupling. E0 = 1469.7 meV. (c) Fine structure of the ℓ = ±2 manifold. (d) Fine structure
of the ℓ = ±1 manifold. θ = 2π/6. (e) Real space image of the emission from the lasing
mode ψ1 of the ℓ = ±1 manifold under linear polarised pumping. Green segments show the
measured direction of linear polarisation. (f)-(g) Emission of the lasing mode in modes ψ2
and ψ3 of the ℓ = ±1 manifold under circularly polarised σ+ and σ− pumping, respectively.
The observable fringes arise from the interference between the emission and a reference
beam of the exact same frequency. They allow evidencing the orbital chirality of the modes
via the presence of a phase dislocation at its center. (a)-(d) and (f)-(g) are extracted from
Ref. [115] and measured in a microcavity with an InGaAs quantum well. (e) is extracted
from Ref. [108] and measured in a microcavity with 12 GaAs quantum wells.

Interestingly, it is possible to trigger lasing in the chiral modes ψ2 and ψ3 of a given
manifold, which we reported in [115]. To enhance the lasing gain of these modes, excitation
with circular polarisation is required. This scheme creates a circularly polarised reservoir of
excitons that induces an enhanced gain into the ψ2 , ψ3 modes of the ℓ = ±1 manifod with
polarisation corresponding to that of the reservoir. Even though dephasing in the reservoir
induces a fast depolarisation, it is possible to attain a degree of polarisation of the excitonic
reservoir of the order of 10-20% at low temperatures. This is enough to favour lasing in
one of those modes. Because the polarisation of the reservoir is determined by that of the
nonresonant laser, it is possible to trigger laser into either the ψ2 = |+1, σ+ ⟩ mode or the
ψ3 = |−1, σ− ⟩, which have opposite orbital chiralities, as shown in Fig. 2.2(f)-(g).
Note that the lasing in chiral modes reported in Ref. [115] and shown in Fig. 2.2(f)-(g)
was achieved in a microcavity with a single quantum well in the weak coupling regime.
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Lasing is triggered into one of the two degenerate chiral modes, but the system preserves
time reversal symmetry in the sense that those modes remain degenerate. In microcavities
in the strong coupling regime it is possible to break the time-reversal symmetry by taking
advantage of the hybrid light-matter nature of polaritons and induce a splitting between those
modes of opposite chirality. One possibility is to apply an external magnetic field parallel
to the growth axis of the structure. The magnetic field induces a Zeeman splitting between
excitons of opposite ±1 spins, which couple to light with σ± circular polarisation. Via the
strong coupling, the Zeeman splitting is transferred to polaritons [117–120].
A different method is to take advantage of the polarisation dependence of polariton
interactions to induce a nonlinear Zeeman splitting. The polarisation dependence of polaritonpolariton interactions is a well documented phenomenon [65, 67, 121–124] whose origin
can be found in the exchange terms of the exciton-exciton interactions [64]. Combined with
the strong light matter coupling of polaritons, the excitonic exchange interaction results in a
highly anisotropic polariton interaction: polaritons of same circular polarization interact much
stronger than polaritons of opposite polarizations. Polarisation-dependent interactions also
take place between polariton modes and the reservoir of excitons excited under nonresonant
pumping [68, 69, 125, 70]. Therefore, by optically injecting spin-polarised carriers in the
quantum wells it is possible to create an interaction-induced Zeeman splitting, i.e. different
blueshifts for polaritons of the same and opposite polarizations than the exciton gas.
Recently, we employed this technique to induce a splitting between modes of opposite
chirality [126]. Instead of using a hexagonal molecule, we studied a single micropillar. The
p modes manifold in a single pillar has the exact same polarisation and orbital structure as
the ℓ = ±1 manifold of the hexagonal molecule [127]. By injecting a circularly polarised
reservoir we were able to demonstrate the energy splitting between modes ψ2 and ψ3 . In
this case, time-reversal symmetry is broken and modes with opposite orbital chirality emit at
different energies.
One of the most appealing applications of spin-orbit coupling and Zeeman effects in
polariton lattices is the possibility of engineering Chern insulating phases. The idea was
first proposed by Bardyn and co-workers [128, 63] and by Nalitov and co-workers [62],
and realised experimentally by the group of Sebastian Klembt [33]. Still many intriguing
topological phases with broken time-reversal symmetry are to be unveiled, in particular, in
the nonlinear regime [129–132, 110, 111, 133]. Moreover, the possibility of locally varying
the effective Zeeman field by using a combination of pump spots of different polarisations
opens the possibility of engineering exotic gauge fields.
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Chapter 3
Topological properties of
one-dimensional polariton lattices
One dimensional systems provide the simplest playground to study topological properties of
lattices. They not only allow getting familiar with basic concepts in topology such as the bulk
edge correspondence, but they also have specific properties that cannot be found in lattices
of higher dimensions [10]. The most paradigmatic one-dimensional lattice with minimal
topological properties is the Su-Schrieffer-Heeger (SSH) Hamiltonian. In the tight-binding
limit, this lattice model is characterised by a unit cell with two sites with different intraand inter-cell hoppings, respectively t and t ′ (Fig. 3(a)). For an infinite lattice, there are
two possible choices for the unit cell (solid and dashed boxes in Fig. 3(a)). In both cases
the eigenenergy spectrum is the same, distributed along two bands separated by a gap of
magnitude 2 |t − t ′ |. However, the form of the eigenvectors and the topological properties are
different in either case. The ambiguity is lifted in finite size lattices, in which the specific
form of the termination sets the unit cell that describes the topological properties associated
to that edge.
The Hamiltonian in momentum space can be written in the following form:

H=

0
t + t ′ e−ika
t + t ′ e+ika
0

!
= dx (k)σx + dy (k)σy + dz (k)σz .

(3.1)

This 2 × 2 Hamiltonian is written in the basis of Wannier functions located in the A and B
sites of the unit cell, with onsite energy equal to 0. As indicated in the right hand side of
Eq. (3.1), the Hamiltonian can be written as the scalar product of a vector d(k) and the vector
of Pauli matrices σx,y,z .
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Figure 3.1: (a) Scheme of a lattice of coupled resonators with staggered hoppings t and
t ′ . The two possible choices of unit cell are shown in solid and dashed squares. (b)-(d)
Representation of the vector d(k) in the x − y plane and the closed trajectory it follows when
k is scanned between −π and π for different values of the staggered hoppings.
The eigenfunctions of Eq. (3.1) have the form ψ± (k, m) = ∑m √12 (1, ∓eiφ (k) )† eikm , where
m is the unit cell number. The two components of the wavefunction describe the amplitude
at the A and B sites, and ± refers to the upper and lower bands, respectively. The phase φ (k)
follows from the equation: cot φ (k) = (t ′ /t) sin−1 k + cot k.
An invariant describing the topological properties of the above mentioned Hamiltonian
can be written in multiple forms. The most straightforward is the winding number:
ν=

1
2π

dk
BZ

dφ (k)
.
dk

(3.2)

ν can only take two possible values: 0 or 1. When t > t ′ , then ν = 0 and there are no states
within the gap. However, when t < t ′ , then ν = 1 and a state appears at energy E = 0 at
each edge of the lattice. These states are of topological origin, they decay exponentially
towards the bulk of the lattice, and their energy is robust against disorder and perturbations
of the hopping amplitudes, as long as they are smaller than t,t ′ . The correspondence between
the bulk invariant and the existence of egde states has been formally treated in several
works [134, 19, 135, 136]. A graphical representation of the winding number is given by the
evolution of the vector d(k) in Eq. (3.1) when k goes from −π to π. As represented in Fig. 3,
ν is the number of times this vector winds around the origin in the [x, y] plane.
The simplicity of this model has been used to benchmark the possibility of implementing topological properties in a wide variety of systems. Probably, the first experimental
implementation of this model and the observation of edge states come from the group of
Zhigang Chen in a lattice inscribed in a photorefractive material [137]. The model has
subsequently been explored in ultracold atoms [138, 139], microwave resonators [37, 50],
photonic nanoparticles [140], coupled waveguides [38, 141] among other systems. In polariton systems, the SSH lattice was first proposed to explore the Kibble-Zzurek mechanism
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in polariton condensation [142]. Our group was the first to experimentally implement this
model in 2017 [31], followed by experiments from other groups [143–145].
Polariton lattices offer the possibility of engineering the SSH model in a flexible way
with direct access to the energy and eigenmodes of the system. Thanks to this feature, we
have been able to directly measure the winding numbers described by Eq. 3.2. To do so, we
employed a technique developed by Mondragon-Shem and coworkers [146] and by the group
of Pietro Massignan [47, 147] based on the measurement of the mean chiral displacement:

C(t) = ∑ ⟨ψi (t)| 2Γ̂iŶi |ψi (t)⟩ ,

(3.3)

i

where |ψi (t)⟩ corresponds to the instantaneous amplitude of the wave-function at the position
of the ith site of the lattice, Ŷi is an operator that numbers the unit cell (0, ±1, ±2, ±3, ...),
and Γ̂i is the sub lattice operator, which takes the value of +1 in the A sites and -1 in the B
sites. In Refs. [146, 47, 147] it is shown that after an initial excitation of the SSH lattice
at a single site, the quantity C(t) tends to the winding number ν at long times. One of the
interesting advantages of this technique compared to the measurement of the Berry phase
when a wavepacket is accelerated in the bands [138, 46] is that it is based on a measurement
of the spatial distributions, allowing to identify a winding number even in the presence of
spatial disorder (as long as it preserves chiral symmetry) [139].
In the case of polaritons, if losses are smaller than the hopping amplitudes t,t ′ , Eq. (3.3)
still applies and the mean chiral displacement can be directly extracted from the measurement
of the emitted intensity in the steady state regime [49]. Figure 3.2(a) shows a polariton
lattice with staggered distances between adjacent micropillars. This lattice implements
the SSH hamiltonian when considering the s modes of each micropillar. Figure 3.2(b)
shows the measured lowest energy bands, arising from the coupling of s modes, which
display a gap. To measure the topological invariants using the mean chiral displacement
technique, we excite the system at a single site with a non resonant laser that populates all
the bands. The energy resolved emission in the steady state is shown in Fig. 3.2(c) and the
energy-integrated intensity in Fig. 3.2(d). The time integrated mean chiral displacement C̄ =
T
limT →∞ T −1 0 dx2Γ(x)Y (x)I(x) for each definition of the unit cell can be computed directly
from the multiplication of the measured intensity distribution and the chiral displacement
operator Γ̂iŶi . Its value at each lattice site is represented by orange and blue lines in panel
(e). The orange lines correspond to the definition of the unit cell with t > t ′ , while the blue
lines to the case t < t ′ . For the first case C̄ = 0.05 and for the second C̄ = 0.98, which very
closely match the expected values of the winding numbers 0 and 1, respectively.
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Figure 3.2: Mean chiral displacement and topological interface modes. (a) Scanning electron
microscope image of an SSH lattice of coupled micropillars. (b) Measured s bands in a
photoluminescence experiment showing the SSH gap. (c) Emitted intensity in real space
as a function of the emitted energy. (d) Emitted intensity spectrally integrated over the s
bands. (e) Value of the chiral displacement operator as a function of position in the lattice.
Each coloured line depicts the chiral operator for the two possible definitions of unit cell
shown as rectangular boxes in the scheme on top of pannel (c). (f) Two SSH lattices of
coupled micropillars with different topological phases connected by a weak link. The emitted
intensity in (g) displays an interface state at an energy within the gap. Panels (c)-(e) have
been adapted from Ref. [49].
The presence of edge states can now be evidenced in several ways. The most straightforward is to connect two SSH lattices with different winding numbers. This is the case
illustrated in Fig. 3.2(f). The energy and spatially resolved emission shows the appearance of
a state at the interface between the two lattices, whose energy is close to that of middle of the
gap.
So far, we have discussed the properties of SSH polariton lattices from the perspective of
the conservative Hamiltonian Eq. 3.1. The possibility of engineering gain and dissipation in
this kind of lattices has been used to demonstrate very interesting properties such as interface
mode enhancement [37] or additional robustness of the edge states at the PT symmetric
point [148]. Our group evidenced the first laser in a topological edge mode using a polariton
SSH lattice [31]. In order to enhance the topological gap, instead of using a lattice for the s
modes like the one shown in Fig. 3.2, we used a zigzag lattice of equally spaced micropillars,
which implements the SSH model for the p orbitals. Figures 3.3(b) and (c) show a scheme of
the arrangement of orbitals in the sub-spaces of px and py orbitals, respectively. By looking at
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Figure 3.3: p-orbital SSH lattice. (a) A zigzag lattice of coupled micropillars. (b)-(c)
Representation of the sub-spaces made of px and py orbitals. (d) Measured spatially resolved
emission at the energies of the top of the s band, top of the lower SSH p-orbital band,
topological edge mode in the middle of the gap, top of the upper SSH p-orbital band. (e)
Integrated intensity and linewidth of the topological edge mode as a function of excitation
power. The lasing threshold is at 32 mW. Adapted from Ref. [31].
the orbital overlap between adjacent micropillars, we can see that the px subspace alternates
strong-weak hopping for the termination of Fig. 3.3(b). Therefore, this sub-space corresponds
to the phase ν = 0. Simultaneously, sub-space of py modes (Fig. 3.3(c)) alternates weakstrong hoppings. It realises a topologically non-trivial SSH lattice with ν = 1, and an edge
mode is expected in the middle of the gap (see Fig. 3.3(d)).
When non resonant pumping the lattice close to the edge, the overlap of the pumped
region with the edge mode is greater than with the bulk modes, resulting in lasing in the
edge state. Almost simultaneously, the groups of Mercedeh Khajavikhan [149] and of Liang
Feng [150] reported lasing in the topological edge modes of SSH lattices of coupled silicon
microresonators. Lasing in the topological edge modes of two-dimensional lattices was also
reported at about the same time [22, 32].
The flexibility in the design of the local polariton landscape has permitted the investigation
of the topological properties of one-dimensional aperiodic potentials. In particular, in our
group we have investigated a one-dimensional polariton lattice whose lateral confining
potential follows a Fibonacci sequence [151]. Its spectrum presents a fractal structure with a
series of gaps characterised by a topological invariant. We directly measured the presence of
edge states associated to this invariant and its value in structures with an interface between
two mirror images of a Fibonacci potential [152].
Let us end this chapter with a comment on the topological character of the SSH Hamiltonian. We have seen that the topological properties of this lattice model are related to the type
of edge in a finite system. The topological invariants are, thus, well defined with respect to
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specific terminations. This is a very important difference with other topological invariants in
higher dimensions such as the Chern number or the Z2 invariant in two dimensions, which
are unambiguously defined in the bulk and predict the number of edge states traversing the
gap for any kind of edge. A very clarifying way of describing these features in the SSH
model is to use the concept of "obstructed atomic limit", introduced in the context of solid
state physics. It describes bands in which the Wannier centers are located in-between the
lattice sites [153, 154], and cannot be continuously transformed into the bands of an atomic
insulator. When cutting the lattice across these Wannier centres, edge states naturally appear.
This description can be helpful to understand the appearance of edge state bands within
the gap in two-dimensional trivial band systems, including 2D SSH lattices [19] and Dirac
materials such as graphene, boron nitride (including valley Hall edge states), and the Wu
and Hu model [155]. Further understanding of these features would be helpful to predict
the appearance of midgap states in more elaborate lattices such as photonic crystals, which
cannot be described with the tight-binding method due to the mixing of high orbital modes.
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Chapter 4
Topological properties of
two-dimensional polariton lattices
Two-dimensional lattices are one of the most fascinating playgrounds for the study of topological effects in physics. In conservative systems without any external time modulation,
two-dimensional systems can be classified into two main topological families: Chern insulators and spin-Hall topological insulators. The first family describes systems with gapped
bands characterised by a topological invariant of the Chern type. The quantum Hall effect and
the Haldane model are examples of this type of topological systems, and are characterised
by the presence of unidirectional edge states in the gaps. These phases only exist when
time-reversal symmetry is broken [10]. The second family was discovered in 2005 and
corresponds to materials with a sizeable spin-orbit coupling. At the edges of the materials,
two sets of edge states appear with opposite group velocities, each one for electrons of a
given spin. The total Chern number of the bands is zero but the spin Chern number defined
for a specific spin component may be different from zero. In this case, the topology is
described by an invariant of the Z2 type [10]. In this family of topological insulators, the
time reversal symmetry actually protects the topological order by preventing spin flips that
would connect the spin edge states with opposite group velocity. Recently, the field of
topological quantum chemistry introduced the use of crystalline symmetries to determine the
topological character of a given set of bands, without the need to explicitly calculate Chern
or Z2 invariants [153, 157].
Bringing these topological phases to photonics has been a significant challenge. First,
photons are not very sensitive to external magnetic fields. Therefore, breaking time reversal
symmetry is not an easy task at near infrared and visible wavelengths. The first observation of
a photonic Chern insulator was reported in a lattice of magneto-optical rods in the microwave
regime under an external magnetic field [24]. Later, Chern type edge states were reported
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at near infrared wavelengths in the lasing regime, but with unresolvable gaps [22, 33]. For
the family of topological phases arising from spin-orbit coupling, the bosonic nature of
photons prevents the implementation of edge states fully insensitive to backscattering. Still,
several geometries have been proposed and realised that mimic, to a certain extent, spin-orbit
coupled topological insulators by engineering artificial gauge fields [20], by using crystalline
symmetries [158, 40, 159] or the valley Hall effect [160].
Our first studies of the topological properties of two dimensional polariton structures
were devoted to the honeycomb lattice. The coupling between the lowest energy modes of
adjacent micropillars gives rise to two bands similar to the π and π ∗ bands of electrons in
graphene [161]. The two bands touch at the Dirac points forming an ungapped spectrum, and
the Chern number of the ensemble is, consequently, zero. Still, this system has a local Berry
curvature that is different from zero close to the Dirac points. Additionally, it presents edge
states of topological origin in the sense that they can be associated to an invariant of similar
nature to that found in the SSH model, that is, associated to specific types of terminations of
the lattice. We will discuss all these features below [18].

4.1

Edge states in polariton honecyomb lattices

In 2014 we realised the first honeycomb lattice of coupled micropillars with the aim of
exploring all those properties in a fully controllable photonic simulator (see Fig. 4.1(a);
Ref. [101]). A previous work from the group of Y. Yamamoto at Stanford had implemented a
lattice based on a metallic layer with a hexagonal arrangement of holes grown on top of the
upper mirror of the microcavity [162]. The metal modifies locally the index of refraction and
produces a photonic potential. However, it was too shallow to evidence the presence of Dirac
cones. The deep optical potential of our lattice of etched micropillars allowed unveiling
not only the Dirac cones associated to the coupling of the lowest energy (s) modes of each
micropillar, but also the higher energy bands that arise from the coupling of px and py modes,
see Fig. 4.1(b). Our work was the first to evidence them and one of the first in the optics
community to realise orbital bands.

s bands
The s bands can be well described by the following tight-binding Hamiltonian in the basis of
A and B sites of the honeycomb lattice (see Fig. 4.1(a)):
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Figure 4.1: (a) Electron microscope image of a honeycomb lattice of coupled micropillars.
(b) Measured photoluminescence in the bulk of the lattice as a function of ky for kx = 2π/(3a).
(c), (d) Momentum-resolved photoluminescence at the the energy of the Dirac points when
exciting the bulk (c) or the edge (d) of the lattice. (e), (f) Photoluminescence along the dotted
green line in (c), (d), respectively, showing the dispersion of zigzag edge modes (d). (g) Real
space emission at the energy of the zigzag edge states when exciting the lattice close to the
edge. Figure adapted from Refs. [163] and [164].

Hs (k) =

0
fs (k)
∗
fs (k)
0

!
,

(4.1)

where
fs (k) = ts (1 + eiku1 + eiku2 )

(4.2)

with u1 and u2 being the lattice unit vectors, ts the nearest-neighbour coupling, and we set
the onsite energy to zero. The eigenvalues of Eq. 4.1 have two symmetric bands touching
at the Dirac points. The asymmetry in energy visible in the measured bands in Fig. 4.1(b)
comes from coupling of s and p modes in the lattice, and can be effectively described by
adding next-nearest-neighbours hopping [101, 100].
Theoretical studies from the late 90s and early 2000s showed that edge states are expected
to be present in graphene nanoribbons [165, 18, 166]. These edge states appear in the form
of flat bands at zero energy connecting adjacent Dirac cones. Their origin can actually be
traced to the topological properties of the bulk tight-binding Hamiltonian [18, 19]. To see
that, let us take a closer look at Hamiltonian 4.1 and Eq. 4.2. Similar to the case of the SSH
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lattice, the ambiguities in the selection of the unit cell in the case of a honeycomb lattice
are settled in a ribbon by choosing a unit cell such that the edges of the ribbon are well
reproduced by unit vector displacements. Along the edge of the ribbon, the lattice is periodic
and a momentum k∥ parallel to the edge can be defined. The bulk Hamiltonian Hs can now be
written as a function of k∥ and k⊥ . Different works [18, 134, 19] have shown that the number
of zero energy edge states is given by the winding of the phase of the off-diagonal terms of
the Hamiltonian fs = | fs | eiφ (k) along k⊥ perpendicular to the edge. Therefore, a winding
number can be defined for each value of k∥ :

1
ν(k∥ ) =
2π




∂ φ k∥ , k⊥
dk⊥ ,
∂ k⊥
BZ

(4.3)

Let us first consider the case of an infinite ribbon in the y direction with zigzag edges.
√
√
In this case, u1 = (3a/2, 3a/2) and u2 = (3a/2, − 3a/2), and the off-diagonal terms of
Hamiltonian 4.1 can be written:
√
3
3
fs (kx , ky ) = 2ts cos(
aky ) + ts ei 2 akx .
2

(4.4)

√
√
The winding number ν(ky ) can be computed giving a value of 1 for ky ∈ [2π 3a/3, 4π 3a/3],
and zero for the other values of ky . This corresponds exactly with the regions in which zigzag
edge states are experimentally observed (see Fig. 4.1(c)-(g)).
A more intuitive approach to the bulk-edge correspondence we have just described for
zigzag edges can be formulated by noticing that for each value of kx , the term fs (kx , ky )
Eq. 4.4 has the same functional form as the off diagonal elements
of the SSH Hamiltonian 3.1.
√
3
In Eq. 4.4, the role of the intracell hopping is played by 2ts cos( 2 aky ) and that of the intercell
hopping by ts . Correspondingly, similarly to the√SSH Hamiltonian, an edge state at zero
energy appears for values of ky such that 2ts cos( 23 aky ) < ts , which corresponds exactly to
the condition stated above.
If the unit cell is now defined to accommodate bearded edges, the unit vectors u1 and u2
need to be modified accordingly and the winding number ν(ky )bearded predicts the appearance
of zero energy edgemodes in regions of ky complementary to those for zigzag edges. Thanks
to the direct spectroscopic access to the dispersions of polariton lattices we measured both
the momentum space signatures of the zigzag and bearded edge states and their spatial
distribution [167]. Figure 4.1(c)-(g) show the case of zigzag edges.
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Figure 4.2: (a), (b) Measured photoluminescence dispersion of the p bands as a function
of ky for kx = 4π/(3a) when exciting the bulk of the lattice (a) and the zigzag edge (b).
(c) Calculated bands from the tight binding Hamiltonian of a ribbon. Blue lines are bulk
modes while red lines are modes localised at the edges [163].
Our results went a step further than previous works in coupled waveguides [168] and
lattices of microwaves resonators [169] by showing the eigenergies of the edge states,
inaccessible in those systems. In additon, we directly measured the winding numbers for
the different values of k∥ using a coupled momentum-real space resolved technique giving
access to the mean chiral displacement as a function of k∥ , see Ref. [49].

p bands
The orbital p bands present a richer edge state structure. Figure 4.2(a) shows the measured
p bands when exciting the bulk of a lattice. The lowest band is almost flat, while the two
middle ones are strongly dispersive with two band crossings similar to those at the K and
K ′ Dirac points of the s bands. The highest energy band corresponds to a pseudo-flat band
deformed due to the coupling to upper bands. These kind of bands were first discussed by
Wu and Das Sarma in the context of ultracold atoms in an optical lattice [170], with the
potential interest of engineering strongly correlated phases in the lowest energy flat band of
the set. The bands can be qualitatively reproduced by a tight-binding Hamiltonian (see blue
lines in Fig. 4.2(c)):

H p = −tL

Q†

02×2
Q 02×2

!
, with Q =

f1
g

g
f2

!
,

(4.5)
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√

where f1 = 34 (eik·u1 + eik·u2 ), f2 = 1 + 14 (eik·u1 + eik·u2 ), and g = 43 (eik·u1 − eik·u2 ), and
tL < 0 is the coupling of p modes oriented along the link between adjacent micropillars.
The negative sign accounts for the antisymmetric phase distribution of the pL -orbitals. We
assume that p orbitals oriented perpendicular to the link do not overlap.
When exciting the structure close to a zigzag edge, new bands appear in the spectrum,
marked by dashed lines in Fig. 4.2(b). They correspond to edge states, and can be classified
into those at energy E0 (the energy of the p modes in an isolated pillar, assumed to be
zero in Eq. 4.5) and dispersive modes at lower and upper energies (black dashed lines).
Only those at zero energy can be directly linked to a bulk invariant. Indeed, by fixing a
value of k∥ , the dependence of Hamiltonian 4.5 on k⊥ can be regarded as a one-dimensional
model in the BDI (chiral orthogonal) class of the classification of topological insulators [10].
For this class, the treatment we performed above to predict the existence of edge states in
the s bands can be generalised by calculating the winding of the phase φ obtained from
√
f p ≡ det Q = |det Q| eiφ (k) [171]. By doing so, we find ν(k∥ ) = 1 for k∥ ∈ [−2π/(3 3a),
√
√
√
2π/(3 3a)] for zigzag edges, and k∥ ∈
/ [−2π/(3 3a), 2π/(3 3a)] for bearded edges. The
regions in k∥ in which zigzag and bearded modes are present are complementary to those in
the s bands [163]. There are not any zero energy edge state for armchair edges.
The dispersive edge states are a new feature of the p bands compared to the s bands. They
are present both in zigzag, bearded and armchair edges [163]. However, we could not find a
bulk invariant associated to their existence.

4.2

Engineering strain in polariton honeycomb lattices

The effects of mechanical strain on the electronic properties of graphene sheets have been a
very important tool to engineer new kinds of Dirac cones. Only a few number of experiments
have been able to show these effects in graphene and related materials [172, 173]. The
reason is the extremely small lattice constant which makes it very difficult to control strain
in a precise way. For this reason, synthetic metamaterials have been very successful in the
study of these properties [174–176, 168, 177, 178]. One of the most interesting features of
polariton lattices is, actually, the possibility of designing locally the hoppings of the lattice.
Taking advantage of this property we engineered lattices with artificial strain with the goal
of studying novel kinds of Dirac cones. We focused on unidirectional strain, that is, an
anisotropy of the hoppings along only one direction. This can be done by keeping constant
the vertical hoppings t in Fig. 4.1(a) and varying the horizontal hopping t ′ .
Let us start with homogeneous strain in which t ′ is made different from t but it takes
the same value all over the lattice. In the s bands, when the "strained" hopping is increased,
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Figure 4.3: (a)-(c) Measured dispersion of the bulk p bands for different values of the
engineered strain when t ′ is reduced. In all images, kx = 2π/(a′ + a/2), where a and a′ are
the unstrained and strained interpillar distances shown in Fig. 4.1(a). The orange rectangle
shows the merging of Dirac cones and gap opening (see calculated tight binding bands in the
upper panels). In (b) and (c) the strain results in the emergence of tilted Dirac √
cones in the
′
lowest two bands. (d) Measured dispersions for t > t (upper panel: ky = −2π/( 3a), lower
panel kx = −0.5 × 3π/(3a)). Both dispersions cross at the type-III Dirac point highlighted
in the dashed green box. The upper inset shows the tight-binding dispersion of the type-III
Dirac cone. Adapted from Ref. [182].
the two Dirac cones at K and K ′ get closer to each other and end up merging at t ′ = 2t
and opening a gap t ′ > 2t. At the merging point, the dispersion has a peculiar shape: it is
massless (linear) along one momentum direction and massive (parabolic) along the opposite
direction [179–181]. This kind of dispersion has received the name of semi-Dirac cone and it
has strongly asymetric transport properties, which we have experimentally evidenced [164].
In the p bands, the higher number of bands gives rise to a richer phenomenology when
applying strain. When t ′ is now decreased with respect to t, the two Dirac cones at zero
energy merge and give rise to a semi-Dirac cone at t ′ = (1/2)t (see Fig. 4.3(a)-(c)). At
lower energies, at the contact point between the flat and dispersive bands, inclined Dirac
cones appear, as evidenced in Fig. 4.3(b)-(c). Interestingly, when the "strained" hopping is
increased, a new type of Dirac cone appears (see Fig. 4.3(d)). It combines a flat band and
a linear dispersion with finite group velocity, which cross at the Dirac point. It has been
speculated that the engineering of Dirac cones via strained graphene could be of interest to
study analogue gravity physics. An interface between nanoribbons with normal and inclined
Dirac cones would implement an event horizon for electronic excitations [183, 184]. By
locally engineering the hoppings in the proper way, gravitational lensing analogue effects
could also be engineered [185].
More sophisticated forms of strain can be used to realise synthetic magnetic fields in the
spectral region close to the Dirac cones. The idea was first discussed in the context of carbon
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Figure 4.4: (a) Calculated energy bands of a ribbon presenting a linear gradient of hoppings
along the x direction using the tight-binding method [189]. (b) Scanning electron microscope
image of a polariton lattice implementing a linear gradient of hoppings in the x direction. (c),
(d) Photoluminescence at the energy of the propagating edge states in between the n = 0 and
n = −1 Landau levels of the p bands. When exciting the right edge, propagation along two
helical edge modes is observed (d). Edge propagation is absent in the left egde (c). From
Ref [190].
nanotubes [186] and then extended to planar sheets of graphene [187]. If a honeycomb lattice
is strained radially into three directions separated by angles of 120º, an artificial magnetic
field perpendicular to the sheet appears at each Dirac cone. The sign of the field is opposite at
each K, K ′ valley. If the strain is engineered with the right spatial dependence, the spectrum
is strongly modified giving rise to gapped Landau levels with the energy law characteristic of
p
masless electrons: En ∝ ± |B|, where B is determined by the strength of the strain. The
presence of this field has been evidenced in graphene nanobubbles [172] and in a number of
synthetic systems [175, 176, 188, 178].
Our goal in bringing this physics to polariton lattices was to engineer Landau levels in
lattices that could be potentially used for the study of nonlinear optical effects and lasing
in the presence of artifical magnetic fields and in flat bands. We followed the proposal of
G. Salerno and co-workers who demonstrated that the artificial magnetic field could also be
implemented in polariton lattices subject to uni-axial strain [189, 191]. Compared to the case
discussed above of homogeneous strain leading to semi-Dirac cones, to engineer a constant
valley dependent magnetic field we need to vary spatially the hopping t ′ in a linear way (i.e.,
t ′ = τx). The resulting bands are expected to display Landau levels (see Fig. 4.4(a)). We
fabricated lattices with different hopping gradients along the x direction (an example is shown
in Fig. 4.4(b)). Our experiments provided direct visualisation of the intensity distributions of
the n = 0 Landau level (not shown here, see also Ref. [178]) and the appearance of helical
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edge states associated to the presence of the artificial magnetic field [190]. Interestingly,
the presence of edge modes is associated to the specific terminations of the lattice [191].
For instance, in the zigzag-zigzag terminations of the lattice shown in Fig. 4.4(b), helical
transport is only present along the right edge (Fig. 4.4(d)).
The high quality of the two-dimensional lattices fabricated at the Centre of Nanosciences
and Nanostructures opens very exciting perspectives to go beyond the honeycomb lattice
geometry and the linear physics we have presented in this chapter. For instance, taking
advantage of the nonlinear properties of polaritons an interesting question is to study the
modification of the topological properties due to particle interactions. This opens a hole
new sub-field on the definition and role of topological invariants in presence of meanfield
interactions, with first works starting to appear [53, 55, 192, 156].
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Chapter 5
Engineering of Floquet Hamiltonians in
coupled fibre rings
The implementation of lattice-based simulators in photonics has been a game changer for the
study of new topological phenomena with no equivalence in solid-state materials. A very
powerful example was the discovery in 2012 of anomalous Floquet topological phases in
photonic step walks by Kitagawa and co-workers [12]. That work implemented a step walk
version of the SSH lattice with staggered hoppings. In the first hopping event, photons split
to adjacent sites of the lattice with a given splitting probability, while in a second step they
were subject to a different splitting probability. Overall, the time evolution in this photonic
lattice is periodic in time, with a period of two steps. The periodicity in time introduces a
new symmetry with very important consequences in the energy spectrum of the system: the
Brillouin zone is not only periodic in quasi-momentum, but also in the quasi-energy axis
(Fig. 5.1). The spectrum of this model has two bands and two gaps, at E = 0 and at E = ±π
(in normalised units). Topological edge states can appear at one of the gaps, both gaps or none
of the gaps, as reported in several experimental and theoretical publications [194, 47, 195, 51],
and illustrated in Fig. 5.1. Very interestingly, the full description of the presence of the edge
states is not only given by the Zak phase in 1D and the Chern number in 2D, but also
by a "Floquet" winding number that accounts for the topological properties imprinted by
the periodic time modulation in the system, the so called "micromotion" within a time
period [196].
This new topological property was first reported in one dimension in the experimental
work of Kitagawa, and it quickly triggered the investigation of Floquet topological invariants
in higher dimensions. In 2013, Rudner and coworkers published a proposal to implement a
Floquet topological insulator in two dimensions, and provided an equation to calculate the
associated winding number [13]. Additionally, if time reversal symmetry is broken in the

38

Engineering of Floquet Hamiltonians in coupled fibre rings

0

W=0
C=0

−π
−π

0
quasi-momentum

π

Anomalous Floquet
topological insulator

Floquet Chern insulator
π

C=0
0

quasi-energy

C=0

quasi-energy

quasi-energy

π

W=1
C=0

−π
−π

0
quasi-momentum

π

π
C=-1

0

quasi-energy

Floquet band insulator
π

W=0
C=+1

−π
−π

0
quasi-momentum

π

Anomalous Floquet
and Chern insulator

C=-1
0

W=1
C=+1

−π
−π

0
quasi-momentum

π

Figure 5.1: Examples of two-dimensional two band systems with Floquet-Bloch periodictiy.
Due to the periodic time modulation of the system the top and bottom parts of the quasienergy spectrum fold into each other. Bands are represented in green, gaps in white and edge
states in red. C indicates the Chern number of the bands and W the Floquet winding number
of the middle gap.
proper manner, the total number of edge states in a gap is given by both the Floquet invariant
and the Chern number (see Fig. 5.1-right panel).
The experimental realisation of this new topological phase in two dimensions, which was
coined anomalous Floquet topological insulator, was first achieved in lattices of coupled
waveguides [26, 27] and later in cold atomic gases [197]. Remarkably, the periodic modification in time of a physical system presents very rich phenomenology which goes beyond
topological properties [195, 198, 199].
These features, hardly accessible in static polariton systems, motivated us to develop an
experimental platform capable of addressing Floquet phenomena. Building on the know-how
on fibre optics of the group of Stéphane Randoux and Pierre Suret at laboratory PhLAM,
in 2018 we decided to implement an experiment based on a system of two-coupled fibre
rings developed some years earlier by the group of Ulf Peschel in Jena [200–202, 51]. In this
double ring system the time evolution of pulses of light can be controlled in a time-periodic
manner using fast enough optoelectronic devices. At that time, the group of Peschel had
hardly explored the topological aspects of the system [46, 203] and we found it perfectly fitted
to investigate topological Floquet phases. Moreover, thanks to the possibility of accessing
nonlinear effects in fibres [204], the system is suited to study nonlinearities in topological
lattices.
We consider two fibre rings u and v of slightly different length as sketched in Fig. 5.2(a).
The two rings are connected by a variable beamsplitter whose splitting ratio can be controlled
electronically. A short pulse (2ns) of a 1.55 microns laser injected in one of the rings is
split at the beamsplitter. After one turn, the pulses in each ring reach again the beamsplitter,
but they do it at different times due to the difference in length of the rings. Each of them
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Figure 5.2: (a) Sketch of the two coupled rings setup. AM is amplitude modulator, PM
is phase modulator, EDFA is Erbium doped fiber amplifier, VBS is variable beamsplitter
and PD is photodiode. (b) Measured train of pulses in the u and v rings (red and blue,
respectively) after excitation with a single pulse in the v ring. The inset shows the pulses
in the v ring at time positions corresponding to the first three round trips. The oscillations
on top of the pulses arise from the interference with the local oscillator. (c) Reconstructed
spatiotemporal dynamics in the u ring when stacking the dynamics of each round trip in
consecutive lines. (d) One-dimensional lattice subject to coherent split steps to which the
dynamics in the double ring systems can be mapped.

splits, resulting in a train of two pulses in each ring. In the next turn, they split again and
the delays between the pulses are such that the pulses coming from different rings start to
interfere. Figure 5.2(b) shows the measured pulses on each ring as a function of time. The
long time scale of several microseconds corresponds to tens of round trips. When zooming
into a shorter time scale (lower insets of Fig. 5.2(b)) the different trains of pulses are apparent.
In each train, the pulses are separated in time exactly by the time associated to the length
difference between the rings.
The dynamics of the pulses in the two fibre ring system can be mapped into a one
dimensional lattice subject to a coherent step walk in which a time step takes place at every
round trip when the pulses split and interfere at the beamsplitter. The lattice is schematically
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sketched in Fig. 5.2(d), and it has two sites per unit cell, corresponding to the amplitudes
in the u and v rings. The "spatial position" of the pulses in the lattice is encoded in the
temporal position within the train of pulses, while the step index is the round trip number. To
compensate for the losses at the input and output beamsplitters, each ring has an Er-doped
amplifier, allowing for the pulses to make hundreds of turns.
The pulse dynamics in the u and v rings can be written:

um+1
=
n

 iϕ
m
m
cos θm um
+
i
sin
θ
v
m
n−1
n−1 e

m
vm+1
= i sin θm um
n
n+1 + cos θm vn+1 ,

(5.1)

where m is the round trip number and n is the "spatial" position of the pulses in the lattice.
cos θm / sin θm are the variable beamsplitter splitting ratios. Additionally, in one of the rings
we add a phase shifter that adds a phase ϕm to the pulses. Interestingly, this phase provides
an additional periodic parametric dimension (0 < ϕm < 2π). We continuously measure the
light in each ring using a fast photodiode connected to a high bandwidth oscilloscope.
To get the eigenvalues and eigenmodes of the system we can apply the Floquet-Bloch
ansatz to Eqs. 5.1:
um
n
vm
n

!

!
U −iEm/2 ikn/2
=
e
e
V

(5.2)

where U and V are the normalised complex amplitudes of the eigenmodes in the u and v
rings, E is the quasi-energy and k the quasi-momentum. In the simplest case of a fixed 50/50
beamsplitter (θm = π/4) and ϕm = 0, the lattice system has two bands and the eigenvalues
read:
1
cos(E) = (cos(k) − 1)
2
The amplitude of the eigenvectors has the form:
V
i
=√
.
U
2eik/2 eiE/2 − 1

(5.3)

(5.4)

The trains of pulses shown in Fig. 5.2(b) have been measured in the 50/50 beamsplitter
configuration and ϕm = 0. After ordering the trains by round trip time m, we obtain the
spatiotemporal diagram of Fig. 5.2(c). In our system the rings have an average length of 40 m
and a length difference of 0.55 m. This means that the round trip time is 205 ns and the spatial
period of the lattice corresponds to 2.7 ns. The injected pulses are 1.7 ns long. Our rings are
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Figure 5.3: (a)-(b) Spatio-temporal dynamics measured in the u and v rings for 50/50
beamsplitter and ϕm = 0 for excitation in the v ring with a single pulse. (c)-(d) Band structure
computed from the Fourier transform of (a) and (b). The dashed rectangle displays the first
Brillouin zone. (e) Measured amplitude square of the eigenvectors in each ring as a function
of the quasi-momentum for the upper band. (f) Same as in (e) extracted from the simulations
of Eq. 5.1. (g) Red line: measured ratio of the amplitude square v(k)/u(k) in the upper
band. Green line: measured relative phase φ (u(k)) − φ (v(k)) in the upper band. (h) Ratio of
amplitudes and phase difference in the upper band computed from simulations of Eq. 5.1.
Adapted from Ref. [205].
much shorter than those used by the groups of Peschel and Szameit [42], with lengths on
the order of few kilometres and pulse lengths on the order of hundreds of nanoseconds. Our
choice requires much faster electronics to chop the pulses and to measure the dynamics, but it
also allows directly measuring the band structure of the lattice. One of the developments we
have done is to combine the output of the fibres with a local oscillator detuned in frequency
by several GHz from the wavelength of the laser used to generate the pulses. In this way, an
interference signal on top of the pulses is observed (see inset of Fig. 5.2(b)), which contains
information on the relative phase between pulses within a given time step m, and in-between
time-steps. The band structure can be directly measured by doing the Fourier transform
of the spatiotemporal diagram in which the measured pulses have interfered with the local
oscillator [206], as shown in Fig. 5.3(c)-(d).
The dispersions obtained from the Fourier transform of the spatiotemporal dynamics
have information not only on the eigenvalues as a function of the quasi-momentum, they also

42

Engineering of Floquet Hamiltonians in coupled fibre rings

EXPERIMENT

quasi-energy (1/T)

SIMULATION

1,

quasi-energy (1/T)

0

quasi-energy (1/T)

2,

A

quasi-energy (1/T)

Bπ
ϕ = −π
ϕ = −π/2

0

ϕ=0
−π
−π

0

1

2,

0

3

1

π

k

Figure 5.4: (a) Analitically computed two-dimensional band dispersion of a Floquet winding
metal. (b) Band dispersions of the red band in (a) for selected values of ϕ. (c)-(e) Measured
band dispersions as a function of ϕ for different windings related to the different values of c1
and c2 . (f)-(h) Band dispersions obtained from the simulation of the time evolution equations.
Adapted from Ref. [205].
contain information on the amplitude and phase of the eigenvectors. Figure 5.3(e) shows
the measure amplitude square of the excited modes in both rings. By analysing the complex
angle of the measured dispersions for the u and v rings it is possible to extract the phase
difference between u and v of each eigenvector of each of the two bands. The result of this
operation is displayed in Fig. 5.3(g) green dots. In this case, we observe a linear increase
of the phase difference from −π/2 to π/2, which is well reproduced both by applying the
same procedure to spatiotemporal simulations with identical inital conditions to those of the
experiment (green dots in Fig. 5.3(h)). The measured phase difference also matches very
well the analytical value extracted from Eq. 5.4. These results were reported in Ref. [206].
An interesting feature of the Floquet-Bloch lattice we are considering is that the amplitude
of the eigenmodes is not the same for the u and v sites of the unit cell (see Fig. 5.3(c)-(f)).
This is in strong contrast with the usual static lattices in the tight binding limit, in which the
Bloch eigenmodes have the same weight in both sub-lattice sites.

5.1

Floquet winding metals

In the situation described above we have considered a lattice model subject to a step walk
with the same lattice parameters at all time steps (θm = π/4; ϕm = 0). Still the discrete
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nature of the evolution allows a description based on the Floquet-Bloch theorem: H(t, x) =
H(t + m̃T, x + ña), where m̃, ñ are integers, T is the time period of the quantum walk, usually
labelled Floquet period, and a the spatial period. In the coupled fibre ring lattice, using the
definition of time step of Fig. 5.2(d), i.e., each round trip, the Floquet period is two steps.
This can be easily seen in Fig. 5.2(d), where two time steps are needed to recover the same
lattice positions.
We can now modulate in time the step walk parameters in order to investigate more
elaborate lattice models. A very interesting one appears when we employ different splitting
ratios at each of the two time steps within a Floquet period, and when we add alternating
values of the phase shift ϕm in one of the rings. Specifically, the coupling between rings
alternates between θ1 and θ2 and ϕm between ϕ1 = c1 ϕ and ϕ2 = c2 ϕ, where ϕ ∈ [−π, π],
and c1,2 are integer coefficients.
For a fixed value of ϕ the system is one-dimensional. But if we consider the ϕ as a
parametric periodic dimension, the system becomes two-dimensional with eigenergies [207]:






c1 + c2
c1 − c2
c1 + c2
E± (k, ϕ) = ± arccos cos θ1 cos θ2 cos k +
ϕ − sin θ1 sin θ2 cos
ϕ +
ϕ,
2
2
2
(5.5)
where ± applies to the upper and lower bands.
In collaboration with the group of Pierre Delplace we showed that this model presents
an exotic band structure [207]. When θ1 ̸= θ2 the two bands are gapped in the sense that
they do not touch, but they can traverse the entire quasi-energy Brillouin zone if c1 + c2 ̸= 0.
This situation is illustrated in Fig. 5.4(a) for θ1 = π/4 − 0.4, θ2 = π/4 and c1 = −2, c2 = 0.
Since the bulk states exist at all energies, its spectrum can be identified with that of a metal
[208]. Figure 5.4(c)-(e) shows three different experimental band realisations with different
band windings governed by different values of c1 and c2 . In these experiments, reported in
Ref. [205], the band dispersion in momentum space for each value of ϕ was recorded and
represented in a ϕ-quasi-energy diagram. The winding metal bands are revealed, and well
reproduced by simulations (Fig. 5.4(f)-(h)).
The lattice model we have just introduced has the particularity of having two different
topological properties. The first one is the usual anomalous phases of Floquet lattices
introduced by Rudner and coworkers in Ref. [13]. To evidence it, we prepare an interface
between two regions with different Floquet topology (see Fig. 5.5(a) for the topological
phase diagram). When injecting an initial pulse at the interface, presence of a localised state
is revealed (Fig. 5.5(b), (c)). The measured band structure as a function of ϕ is displayed
in Fig. 5.5(d) and it clearly shows the appearance of bands of edge states. The different
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Figure 5.5: (a) Phase diagram of Floquet topological phases as a function of the splitting
parameter in the first (θ1 ) and second (θ2 ) steps. (b) Measured spatiotemporal dynamics
when injecting a single pulse at the interface between two one-dimensional lattices with
different splitting parameters at the two steps, for c1 = 1, c2 = −3 and ϕ = π/2. The splitting
parameters are marked with triangles in (a). Localisation of light at the interface unveils
the presence of a localised state. (c) Fourier transform of the heterodyned emission shown
in (b). The presence of an interface can be identified in one of the gaps (yellow arrow).
(d) Measured full band diagram as a function of ϕ. (e) Band diagram from simulations of
Eqs. 5.1. Adapted from Ref. [205].
topological phases are governed by the values of the θ1 and θ2 (the splitting ratios), and are
separated by regions in which one of the gap closes. The presence of the anomalous Floquet
edge states is independent of the winding of the bands, set by the values of c1 and c2 .
The second topological property is original to the winding metals and it is based on the
band holonomy that makes the bands wind through the Brilluoin zone, which is simultaneously periodic in quasi-momentum, quasi-energy and ϕ [209]. The winding of the bands is
illustrated in the example shown in Fig. 5.4(b) for one of the bands: when ϕ increases, the
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Figure 5.6: (a)-(c) Measured Bloch oscillations when injecting a wavepacket at k = 0 in the
upper band and and ϕ being linearly increased (left axis). The three panels correspond to
three different band windings, mentioned on top of each panel. From Ref. [205].

band is shifted both in energy and quasi-momentum. The winding can be characterised by a
topological invariant defined as [11]:
1
ν= ∑
j=± 2π



2π
0

∂Ej
1
dϕ
=
∂ϕ
2πi



2π
0



−1 ∂UF
dϕTr UF
= c1 + c2 .
∂ϕ

(5.6)

In the second equality we have written Eq. (5.6) in terms of the Floquet operators UF just
to point out that the winding number can be related to them. A detailed description of the
system in terms of Floquet operators can be found in Ref. [207].
One of the most spectacular phenomena we have found in this system is that the winding
of the bands manifests in the shape and period of Bloch oscillations when a wavepacket
is accelerated along the ϕ dimension. Figure 5.6 shows three examples of a wavepacket
initially prepared at k = 0 in one of the bands as ϕ is increased. The wavepacket dynamics
is periodic with the periodicity of the Brillouin zone in ϕ dimension (2π). In addition, it
presents suboscillations whose number within a period(ϕ : 0 → 2π) is directly the winding
number ν. The amplitude of the suboscillations is not constant, as can be seen from a careful
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analysis of Fig. 5.6(c). Not that the number of suboscillations, which directly reflects the
winding number, is robust to the presence of disorder in the couplings [207].
We have shown the experimental implementation of a band model with several topological
properties which manifest in very different wavepacket dynamics. One interesting question
is if new topological properties can emerge from the combination of different topological
properties, how to couple them, and what real or synhtetic space dynamics can be expected.
For us, the fact that we managed to realise experimentally such complex systems has been
very motivating to address other topological physics including nonlinear effects, topological
pumps, non-Hermitian configurations and the measurement of topological invariants.
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Chapter 6
Conclusions and perspectives

The field of topological photonics has bloomed in the last decade. This success is rooted
on three complementary aspects. First, the assets of photonic systems to emulate solidstate Hamiltonians has allowed the study of lattices with engineered topological properties
with a very high degree of control. Photonic systems have played an important role in
the discovery of novel topological phases, such as the Floquet topological insulators, in
the measurement of topological invariants, and in the use of crystal symmetries to design
topology-inspired photonic crystals with high transmission channels. Second, the field
of topological photonics has witnessed the development of novel concepts with a genuine
photonic aspect. Examples include the implementation of topological lasers and the discovery
of non-Hermitian topological phases. Third, the concept of topology inspired photonic crystal
has allowed the design of photonic circuits with a very small footprint and extraordinary
transmission properties. These topological circuits may play an important role in the design
of integrated active devices in a large range of wavelengths, from the visible to the THz.
One of the most stimulating current challenges in the field of topological photonics is
the understanding of the influence of nonlinear effects on the emergence of topological
phases [210]. One of the hallmarks of band topology is the non-locality of topological
invariants, which are most often defined over the entire Brillouin zone. Nonlinear effects are
usually local properties, arising from close interactions between particles. As a consequence
they tend to break the spatial symmetries of the system, which are at the core of the most
extended descriptions of topological phases. First experimental efforts have been directed to
the study of nonlinear localised solutions in lattices with underlying topological properties [54,
53, 55, 192], including in our group [156]. Recently, an intriguing experiment by the group
of Alexander Szameit has shown the self formation of an edge channel at high localised
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photon densities in a lattice that is topologically trivial in the linear regime [53]. A different,
very interesting configuration is that of "emergent topology": an extended, interacting photon
fluid in a trivial lattice breaks time-reversal symmetry for its density excitations, which
present a topological gap with chiral edge states [156]. Polaritons can play an important role
in the experimental exploration of these intricate topological phases.
Polariton lattices are an excellent platform to study new physics arising from the interplay
of drive, dissipation and nonlinearity. In this direction, several works of our group have
already explored the physics of first order phase transitions in a bistable micropillar [211],
localisation and antilocalisation in a driven dimer [212–214] and in a polariton lattice [215],
and dissipative solitons in 1D wires [216] and in an SSH lattice [156]. Resonant laser drives
on selected sites of a lattice allow forcing the local phase of the system opening the possibility
of engineering frustrated modes. In the context of lattices with topological properties, these
features might give rise to novel dynamics around points of large Berry curvature in a band.
Lastly, our work on couple fibre rings opens the door to studying even more exotic
situations. Adding time periodicity to a spatial lattice enlarges the parameter space for the
engineering of topological phases. For instance, it would be very interesting to study the
interplay of anomalous Floquet phases and Chern phases, which can be directly implemented
in the fibre ring. Going beyond periodically driven systems, the physics of lattices with
quasiperiodic driving in time remains largely unexplored. Understanding the topological
properties induced by such exotic drivings is a very stimulating perspective.
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Marin Soljačić. Experimental observation of Weyl points. Science (New York, N.Y.),
349(6248), 2015.
[15] Wladimir A Benalcazar, B Andrei Bernevig, and Taylor L Hughes. Quantized electric
multipole insulators. Science, 357(6346):61 LP – 66, July 2017.
[16] Zongping Gong, Yuto Ashida, Kohei Kawabata, Kazuaki Takasan, Sho Higashikawa,
and Masahito Ueda. Topological Phases of Non-Hermitian Systems. Physical Review
X, 8(3):31079, September 2018. Publisher: American Physical Society.
[17] Jennifer Cano, Barry Bradlyn, Zhijun Wang, L. Elcoro, M. G. Vergniory, C. Felser,
M. I. Aroyo, and B. Andrei Bernevig. Topology of Disconnected Elementary Band
Representations. Phys. Rev. Lett., 120(26):266401, June 2018.
[18] Shinsei Ryu and Yasuhiro Hatsugai. Topological origin of zero-energy edge states in
particle-hole symmetric systems. Physical review letters, 89(7):077002, 2002. arXiv:
cond-mat/0112197 ISBN: 0031-9007 (Print)\n0031-9007 (Linking).
[19] P. Delplace, D. Ullmo, and G. Montambaux. Zak phase and the existence of edge
states in graphene. Physical Review B, 84(19):195452, November 2011.
[20] M Hafezi, S Mittal, J Fan, A Migdall, and J M Taylor. Imaging topological edge states
in silicon photonics. Nat. Photon., 7(12):1001–1005, 2013.
[21] Mikael C Rechtsman, Julia M Zeuner, Yonatan Plotnik, Yaakov Lumer, Daniel Podolsky, Felix Dreisow, Stefan Nolte, Mordechai Segev, and Alexander Szameit. Photonic
Floquet topological insulators. Nature, 496(7444):196–200, 2013.
[22] Babak Bahari, Abdoulaye Ndao, Felipe Vallini, Abdelkrim El Amili, Yeshaiahu
Fainman, and Boubacar Kanté. Nonreciprocal lasing in topological cavities of arbitrary
geometries. Science, 358(6363):636–640, 2017.
[23] F. D. M. Haldane and S. Raghu. Possible Realization of Directional Optical Waveguides in Photonic Crystals with Broken Time-Reversal Symmetry. Physical Review
Letters, 100(1):013904, January 2008. Publisher: American Physical Society.
[24] Zheng Wang, Yidong Chong, J. D. Joannopoulos, and Marin Soljačić. Observation
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